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Abstract: We describe supersymmetric A-branes and B-branes in open N = (2, 2) dy-
namically gauged nonlinear sigma models (GNLSM), placing emphasis on toric manifold
target spaces. For a subset of toric manifolds, these equivariant branes have a mirror de-
scription as branes in gauged Landau-Ginzburg models with neutral matter. We then study
correlation functions in the topological A-twisted version of the GNLSM, and identify their
values with open Hamiltonian Gromov-Witten invariants. Supersymmetry breaking can
occur in the A-twisted GNLSM due to nonperturbative open symplectic vortices, and we
canonically BRST quantize the mirror theory to analyze this phenomenon.
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1 Introduction
D-branes are crucial to the nonperturbative dynamics of string theory, and their impor-
tance has been well-understood since Polchinski [1] recognized them as the source of BPS
states carrying RR charge, leading to their identification with black p-brane solutions of
supergravity. From the point of view of mathematics, D-branes are essential objects of
homological mirror symmetry, first conjectured by Kontsevich [2].
In this paper, we investigate D-branes of dynamically gauged nonlinear sigma models
(GNLSMs) with N = (2, 2) supersymmetry, which we shall refer to as equivariant branes.
One motivation for this is that GNLSMs with target space X and gauge group G flow
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in the IR limit to nonlinear sigma models (NLSMs) with target space X//G, and hence,
we will obtain new descriptions of D-branes in N = (2, 2) NLSMs, including those with
Calabi-Yau targets useful for physical compactifications of string theory. A more math-
ematically oriented motivation is furnishing an equivariant generalization of homological
mirror symmetry. As we shall see, describing equivariant branes will also allow us to de-
fine an open version of the mathematical theory of Hamiltonian Gromov-Witten invariants
[29, 31, 32].
The N = (2, 2) dynamically gauged nonlinear sigma model (GNLSM) governing maps
from a closed Riemann surface into a Ka¨hler manifold X with Hamiltonian isometry group
G was studied in depth by Baptista [3, 12]. In particular, it was shown that the A-
twisted GNLSM localizes to the moduli space of symplectic vortices, and its correlation
functions compute the Hamiltonian Gromov-Witten invariants of X. Moreover, for abelian
G, Baptista used mirror symmetry (as proven by Hori and Vafa [9]) to describe the quantum
equivariant cohomology ring for toric X.
Also, D-branes in N = (2, 2) NLSMs on open Riemann surfaces have been studied
by Hori, Iqbal and Vafa [10, 11], with the mirrors of these D-branes being identified. We
are thus led to attempt an understanding of equivariant branes by combining the insights
described above, that is, by analyzing N = (2, 2) GNLSMs on open Riemann surfaces and
their mirrors. Since only a subset of the N = (2, 2) supersymmetry can be preserved at the
boundaries of these open Riemann surfaces, we are led to two types of equivariant branes,
namely equivariant A-branes and equivariant B-branes.
Equivariant B-branes have been previously studied by Kapustin et al. [14] within the
context of topologically B-twisted GNLSMs, although the mirrors of these branes were not
elucidated. On the other hand, equivariant A-branes have only been studied for G = U(1)
by Setter [16], using a specialized topologically A-twisted non-dynamical U(1)-GNLSM
(where the gauge field is identified with the worldsheet spin connection); in this case, their
mirrors were not elucidated either. We shall study both types of equivariant branes, and
provide the description of their mirrors in a subset of toric target spaces, hence defining
equivariant homological mirror symmetry in these contexts. Other proposals for equivariant
homological mirror symmetry of equivariant B-branes have appeared in the mathematical
literature [23, 24].
In addition, understanding equivariant A-branes allows us to define open Hamiltonian
Gromov-Witten invariants, which can be understood as integrals over the moduli spaces of
open symplectic vortices that describe a map from an open Riemann surface Σ to a Ka¨hler
and Hamiltonian G-manifold X, whereby the boundaries of Σ correspond to equivariant A-
branes inX. We note that closed Hamiltonian Gromov-Witten invariants have been studied
extensively in the mathematical literature [29, 31, 32]. However, the open invariants have
been largely unexplored, with the exception of the work of Xu [35], which concerns the
compactification of the moduli space of open symplectic vortices on the disk for G = U(1),
as well as the work of Wang and Xu [34] on the relationship between open symplectic
vortices for X and open worldsheet instantons for X//G (the open quantum Kirwan map).
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An outline of the paper
In Section 2, we introduce the N = (2, 2) supersymmetric dynamically gauged nonlin-
ear sigma model on the infinite strip, focusing on its gauge symmetry and supersymmetry.
In Section 3, we first review the mirror symmetry between abelian GNLSMs and gauged
Landau-Ginzburg (LG) models with neutral matter. We then derive the explicit reduction
of open gauged linear sigma models (GLSMs) to open GNLSMs, making use of the exam-
ple of CPN−1. In Section 4, we study equivariant B-branes, paying particular attention to
abelian equivariant B-branes in toric manifolds X, as well as the LG mirrors of these branes
when X is Fano. Nonabelian equivariant B-branes in general G-manifolds are also ana-
lyzed. In Section 5, abelian equivariant A-branes in toric manifolds X are introduced, and
their LG mirror description is shown for toric manifolds X with c1(X) ≥ 0. We also explore
nonabelian equivariant A-branes for general G-manifolds. In Section 6, we use the data
of equivariant A-branes to study open Hamiltonian Gromov-Witten invariants. The open
gauged A-model is first introduced, together with its bulk and boundary observables. The
path integrals of these observables are given by classical integrals over the moduli spaces
of open symplectic vortices on a Riemann surface with boundaries, and these integrals are
identified with the open Hamiltonian Gromov-Witten invariants. Then, we compute the
dimension of these moduli spaces, as well as the related boundary axial R-anomaly. For
abelian invariants, we use mirror symmetry to compute the Qˆ2A 6= 0 anomaly, which im-
plies supersymmetry breaking, and indicates an obstruction to integration over the moduli
spaces. We shall find the condition whereby the anomaly vanishes and supersymmetry
is manifest. Finally, we show how mirror symmetry can be used to compute the abelian
invariants themselves.
The reader who is interested in equivariant B-branes should read Sections 2, 3 and
4, whereas the reader who is interested in equivariant A-branes and open Hamiltonian
Gromov-Witten invariants should read Sections 2, 3, 5 and 6.
2 The Gauged Nonlinear Sigma Model with Boundaries
The N = (2, 2) supersymmetric nonlinear sigma model (NLSM) has the isometry group,
G of its Ka¨hler target space, X, as a global symmetry. This global symmetry can be
gauged, by allowing the isometry transformations of the target space to depend on the
local coordinates of the worldsheet. As in the case of Yang-Mills theory, invariance under
this local symmetry requires the introduction of a gauge field, Aµ. Supersymmetry then
requires the introduction of gaugino and scalar fields, denoted as λ and σ. In addition, we
can introduce kinetic terms for the gauge field and its superpartners, and as a result we
have a dynamically gauged supersymmetric nonlinear sigma model, or GNLSM.
We shall take the worldsheet Σ to be the infinite strip I × R (where the interval is
I = [0, π]) equipped with a flat Minkowski metric η = diag(−1, 1). The spatial coordinate
along the interval will be denoted x1 and the time coordinate parametrizing R will be
denoted x0. The main fields of the GNLSM are a connection, A, on a principal G-bundle
P → Σ, (2.1)
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and a section
φ : Σ→ E (2.2)
of the associated bundle E := P ×G X, where X is a Ka¨hler manifold. Locally on Σ, E
looks like the product Σ × X, which implies that locally the section φ looks like a map
φ : Σ→ X,1 as one finds in non-gauged NLSMs.
The other fields of the GNLSM are sections of the following bundles:
ψ± ∈ Γ(Σ;S± ⊗ φ∗ ker dπE) F ∈ Γ(Σ;φ∗ ker dπE) (2.3)
σ ∈ Γ(Σ; gCP ) D ∈ Γ(Σ; gP )
λ± ∈ Γ(Σ;S± ⊗ gCP )
Here, S± = K
±1/2 are the spinor bundles of Σ, whereby K = Λ1,0Σ is the canonical bundle
of Σ (the bundle of one-forms of type (1,0)); ker dπE → E is a bundle which locally looks
like TX and is the sub-bundle of TE → E corresponding to the kernel of the derivative
dπE : TE → TΣ of the projection πE : E → Σ; φ∗(ker dπE)→ Σ is the pullback of ker dπE
with respect to the section φ; and gP := P ×Ad g is the associated adjoint bundle (where
g is the Lie algebra of G) with gCP denoting its complexification.
The GNLSM action is
S =
1
2π
(Smatter + Sgauge + SB + Sθ), (2.4)
where
Smatter =
∫
Σ
d2x
(
− gjk∂Aµ φj∂Aµφ
k
+
i
2
gjk ψ
k
− (φ
∗←→∇ A)+ψj− +
i
2
gjk ψ
k
+ (φ
∗←→∇ A)−ψj+
− 1
2
gjkσ
ae˜jaσ
be˜
k
b −
1
2
gjkσ
ae˜jaσ
be˜
k
b + igjk (∇l e˜ja) (σaψ
k
−ψ
l
+ + σ
aψ
k
+ψ
l
−)
+ gjk (λ
a
+ e˜
j
a ψ
k
− − λa− e˜ja ψk+ − λa+ e˜
k
a ψ
j
− + λ
a
− e˜
k
a ψ
j
+)
+ Rikl ψ
i
+ψ
k
−ψ

− ψ
l
+ + gjk(F
j − Γjil ψi+ψl−)(F
k − Γkmn ψm− ψn+)
)
,
(2.5)
Sgauge =
1
2e2
∫
Σ
d2x
(
F a01F01a − ∇Aµσa∇Aµσa +
1
4
[σ, σ]a[σ, σ]a + D
aDa − 2 e2 φ∗µaDa
+
i
2
(λ−)a
←→∇ A+λa− +
i
2
(λ+)a
←→∇ A−λa+ + i λa−[σ, λ+]a + i λa+[σ, λ−]a
)
,
(2.6)
SB = −
∫
Σ
φ∗B +
∫
∂Σ
φ∗CaA
a, (2.7)
and
Sθ =
∫
Σ
d2x (θ, F01) (2.8)
1When P is the trivial G-bundle, this becomes true globally.
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with d2x = dx1 ∧ dx0.2 Here, F j and Da are auxiliary fields. The covariant derivatives
induced by the connection A on the bundles E, φ∗ ker dπE and gP over Σ appear above in
their local forms, which are given explicitly as
∂Aµ φ
k = ∂µφ
k +Aaµ e˜
k
a
(φ∗∇A)µψk = ∂µψk +Aaµψj∂j e˜ka + Γkjl(∂Aµ φj)ψl
∇Aµσa = ∂µσa + [Aµ, σ]a
∇Aµλa = ∂µλa + [Aµ, λ]a
(2.9)
where φ and σ are locally regarded as maps Σ → X and Σ → g; ψ and λ are locally
regarded as (fermionic) maps Σ→ φ∗TX and Σ→ g; and A is regarded as a local 1-form
on Σ. We have also used the notations
∇+ = ∇0 +∇1
∇− = ∇0 −∇1,
(2.10)
as well as
A
←→∇B = A∇B −∇BA. (2.11)
The notation (2.11) appears in all the fermionic kinetic terms, since they must have this
symmetrized form in order to preserve the reality of the action in the presence of worldsheet
boundaries.
Let us now explain the quantities that appear in the action. Firstly, note that the
components of the Killing vector fields
e˜a = e˜
i
a
∂
∂φi
+ e˜

a
∂
∂φ

(2.12)
which generate the G-isometry of X appear in the action. These components are holomor-
phic/antiholomorphic,
∂e˜

a
∂φi
=
∂e˜ia
∂φ

= 0, (2.13)
and this constraint can be shown to be a consequence of the complex structure of X being
G-invariant, i.e., Le˜J = 0. Furthermore, they realize an antihomomorphism of the Lie
algebra, g, via their Lie bracket
[e˜a, e˜b] = −fabce˜c,
[e˜a, e˜b] = −fabce˜c
(2.14)
(the generators of g satisfy [Ta, Tb] = fab
cTc, where fab
c are the real structure constants of
g). Also note that the covariant derivative of the holomorphic component, ∇l e˜ja appears
in the action.
2We only consider the case where G is compact, in order to ensure positive-definiteness of the gauge
multiplet kinetic terms.
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The moment map µa, which is a map X → g∗ (where g∗ is the dual of g) also appears
in (2.6), and obeys
∂kµa = igjke˜
j
a
∂kµa = −igjke˜

a
(2.15)
or
dµa = ιe˜aω, (2.16)
where ω = 12ωIJdφ
I ∧ dφJ = igidφi ∧ dφ is the Ka¨hler form.3 This indicates that the
G-isometry of X is Hamiltonian.
The fact that only the derivative of µa enters (2.16) ostensibly implies that the moment
map µ = µaT
a is only defined up to a constant in g∗. In fact, the moment map is defined
up to a constant in [g, g]0, the subspace of g∗ that annihilates commutators;4 as in [3], we
shall follow the convention of ([4], page 164) where the definition of a Hamiltonian G-action
includes the additional condition
ρ∗g µ = Ad
∗
g ◦ µ (2.17)
for all elements g ∈ G. Here, ρ is the G-action on X and Ad∗ is the coadjoint representation
on g∗. This then implies ([5], page 190) that the moment map is only defined up to a
constant, r, in [g, g]0. In fact, this freedom to redefine the moment map as
µ→ µ+ r (2.18)
is manifest in the action; we may add the term
Sr =
1
2π
1
2e2
∫
Σ
d2x(−2e2raDa) = − 1
2π
∫
Σ
d2x raD
a (2.19)
to (2.4), which results in
µa → µa + ra (2.20)
in (2.6). From (2.19), we see that the constant r now plays the role of a [g, g]0-valued
Fayet-Iliopoulos (FI) parameter.
In (2.7), the B-field action is given. Here, B is an arbitrary G-invariant (i.e., Le˜B = 0)
and closed 2-form on X, and φ∗B denotes the pullback of B. Explicitly, the B-field term
is denoted as
− φ∗B = −1
2
BIJ(∂1φ
I∂0φ
J − ∂0φI∂1φJ)dx1 ∧ dx0, (2.21)
where B = 12BIJdφ
I ∧ dφJ , and φI are real coordinates on X. A boundary term is also
included in the B-field action, with
φ∗CaA
a = φ∗CaA
a
0dx
0, (2.22)
3In [3], the the moment map equation is given as 2∂kµa = igjke˜
j
a, since the Ka¨hler form is defined as
ω = i
2
gidφ
i ∧ dφ.
4[g, g]0 can be further identified with the centre of g, via the identification g∗ ∼= g provided by the inner
product g∗ × g→ R.
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where C is a map X → g∗ which obeys
dCa = ιe˜aB, (2.23)
as well as
ρ∗g C = Ad
∗
g ◦ C (2.24)
for all elements g ∈ G. The necessity of this boundary term will be explained below when
we investigate the gauge invariance of the B-field action.
Finally, the θ-term is given in (2.8), where θ is a constant in [g, g]0 ⊂ g∗, while (·, ·) is
the inner product g∗ × g→ R. We can then combine r with θ as
r − iθ = t ∈ [g, g]0C, (2.25)
to obtain the complex FI-theta parameter, t, valued in [g, g]0
C
(the complexification of
[g, g]0).
Gauge and Supersymmetry Invariance
The action is invariant under the following gauge symmetry transformations (where
the parameter αa is a local function on the worldsheet)5
δφk = αae˜ka
δφ
k
= αae˜
k
a
δψk± = α
aψi±∂ie˜
k
a
δψ
k
± = α
aψ
ı
±∂ıe˜
k
a
δF k = αaF i∂ie˜
k
a
δF
k
= αaF
ı
∂ıe˜
k
a
(2.26)
δAaµ = [α,Aµ]
a − ∂µαa = −∇Aµαa
δσa = [α, σ]a
δσa = [α, σ]a
δλa± = [α, λ±]
a
δλ
a
± = [α, λ±]
a
δDa = [α,D]a
(2.27)
Let us first explain how gauge invariance requires the boundary term in the B-field
action (2.7). For a closed worldsheet, the term containing the closed two-form φ∗B is gauge
invariant. However, on an open worldsheet, a gauge transformation of this term generates
a boundary term, and in order to restore gauge invariance, the boundary term containing
φ∗C must be added to the action.6
5Note that one needs to use various identities in order to show gauge invariance, including the Jacobi
identity and the Killing equation Le˜gi = 0, which implies Le˜Γ
i
jk = 0 and Le˜Rikl = 0 ([6], page 52).
6Note that the proof of this requires the use of the identities (2.23) and (2.24), with the latter implying
that αbLe˜bCa = [α, C]a.
– 7 –
With the exception of this B-field action (2.7), the gauge symmetry of the action is
insensitive to the presence of boundaries. To understand this, note that for a global G-
isometry of X, the corresponding symmetry variation of the (non-gauged) NLSM scalar
kinetic term is
∫
Σ
d2x δ(gi∂µφ
i∂µφ

)
=
∫
Σ
d2x (∂kgie˜
k
a + ∂kgie˜
k
a + gk∂ie˜
k
a + gik∂j e˜
k
a)α
a∂µφ
i∂µφ

=
∫
Σ
d2x Le˜gi∂µφi∂µφ
=0,
(2.28)
where we have used the Killing equation Le˜gi = 0. In the computation above, we have
not used integration-by-parts (which would introduce a nonzero boundary term), so the
presence of boundaries is inconsequential for global G-symmetry of NLSMs.
A crucial step in (2.28) is that the worldsheet derivative of φi transforms under the
global G-symmetry as a target space vector field, i.e.,
δ(∂µφ
i) = αa∂µφ
j∂j e˜
i
a. (2.29)
When the G-symmetry is local, it is the covariant derivative that transforms in the above
manner, i.e.,
δ(∂Aµ φ
i) = ∂µ(α
ae˜ia)−∇Aµαae˜ia +Aaµαbe˜ja∂jeib +Aaµ[α, e˜i]a
= αa∂Aµ φ
j∂j e˜
i
a,
(2.30)
where we have used (2.14). Then, the same steps in the computation (2.28) hold, with
gi∂µφ
i∂µφ replaced by gi∂
A
µ φ
i∂Aµφ, and the scalar kinetic term of the GNLSM is gauge
invariant without using integration-by-parts. In a similar manner, all the other terms in
(2.5) are gauge invariant without the generation of nonzero boundary terms via integration-
by-parts. Furthermore, the gauge action (2.6), the θ-term in (2.8), and the FI term (2.19)
are also gauge invariant, without using integration-by-parts.7 In this way, the GNLSM
action ((2.4)+(2.19)) is gauge invariant, and no nonzero boundary terms are generated via
gauge transformations.
However, this is not the case for supersymmetry. For a closed worldsheet, the action
((2.4)+(2.19)) would be invariant under the following N = (2, 2) supersymmetry transfor-
7Proving the gauge invariance of the term containing the moment map in (2.6) requires the use of the
identity (2.17), which implies that αbLe˜bµa = [α, µ]a.
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mations8,9
δφk = (ǫ+ψ
k
− − ǫ−ψk+)
δφ
k
= −(ǫ¯+ψk− − ǫ¯−ψk+)
δψk+ = iǫ¯−(∂
A
0 + ∂
A
1 )φ
k + ǫ+F
k + iǫ¯+σ
ae˜ka
δψ
k
+ = −iǫ−(∂A0 + ∂A1 )φk + ǫ¯+F k − iǫ+σae˜
k
a
δψk− = −iǫ¯+(∂A0 − ∂A1 )φk + ǫ−F k − iǫ¯−σae˜ka
δψ
k
− = iǫ+(∂
A
0 − ∂A1 )φk + ǫ¯−F k + iǫ−σae˜
k
a
δF k = −iǫ¯+(∂−ψk+ +Aa−(∂j e˜ka)ψj+)− iǫ¯−(∂+ψk− +Aa+(∂j e˜ka)ψj−)
+ ǫ¯−λ
a
+ e˜
k
a − ǫ¯+λa− e˜ka − iǫ¯+σa(∂j e˜ka)ψj− − iǫ¯−σa(∂j e˜ka)ψj+
δF
k
= −iǫ+(∂−ψk+ +Aa−(∂e˜
k
a)ψ

+)− iǫ−(∂+ψk− +Aa+(∂e˜
k
a)ψ

−)
− ǫ−λa+ e˜
k
a + ǫ+λ
a
− e˜
k
a − iǫ+σa(∂e˜
k
a)ψ

− − iǫ−σa(∂e˜
k
a)ψ

+ ,
(2.31)
δAa+ = iǫ+λ
a
+ + iǫ¯+λ
a
+
δAa− = iǫ−λ
a
− + iǫ¯−λ
a
−
δσa = −iǫ¯+λa− − iǫ−λa+
δσa = −iǫ+λa− − iǫ¯−λa+
δλa+ = ǫ−(∇A+σa) + ǫ+(−F a01 +
1
2
[σ, σ]a + iDa)
δλ
a
+ = ǫ¯−(∇A+σa) + ǫ¯+(−F a01 −
1
2
[σ, σ]a − iDa)
δλa− = ǫ+(∇A−σa) + ǫ−(F a01 −
1
2
[σ, σ]a + iDa)
δλ
a
− = ǫ¯+(∇A−σa) + ǫ¯−(F a01 +
1
2
[σ, σ]a − iDa)
δDa =
1
2
(−ǫ¯+(∇A−λa+)− ǫ¯−(∇A+λa−) + ǫ+(∇A−λa+) + ǫ−(∇A+λa−)
+ ǫ+[σ, λ−]
a + ǫ−[σ, λ+]
a − ǫ¯+[σ, λ−]a − ǫ¯−[σ, λ+]a) ,
(2.32)
where A± = A0 ±A1, ∂± = ∂0 ± ∂1 and
δ = ǫ+Q− − ǫ−Q+ − ǫ¯+Q− + ǫ¯−Q+ (2.33)
in terms of the supercharges of the N = (2, 2) supersymmetry algebra. On the other hand,
since our theory is defined on I × R, supersymmetry is not preserved at the boundaries,
8The action (2.4) and supersymmetry transformations agree with those of Baptista [3], upon analytical
continuation to a Minkowski worldsheet following the Appendix in loc. cit., symmetrization of the fermion
kinetic terms using (2.11), an overall sign flip, rescaling σ, λ and the supersymmetry transformation param-
eters by 1√
2
, rescaling the theta parameter as (− 1
2π
)θ(there) = θ(here), as well as a rescaling of the moment
map, i.e., 2µa(there) = µ
a
(here). Our action (2.4) is also given an overall factor of
1
2π
.
9Note that if r was a constant in g∗ instead of [g, g]0, the supersymmetry invariance of (2.19) on a
closed worldsheet would not hold. This is another reason we need the condition (2.17).
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and we find
δSmatter =
1
2π
∫
∂Σ
dx0
{
−ǫ+
(1
2
gi(∂
A
0 + ∂
A
1 )φ

ψi− +
1
2
giσ
ae˜

aψ
i
+ −
i
2
giF
iψ

+ +
i
2
giΓ
i
jlψ
j
+ψ
l
−ψ

+
)
+ǫ+
(1
2
gi(∂
A
0 + ∂
A
1 )φ
iψ

− +
1
2
giσ
ae˜iaψ

+ +
i
2
giF

ψi+ −
i
2
giΓ

ıl
ψ
ı
−ψ
l
+ψ
i
+
)
−ǫ−
(1
2
gi(∂
A
0 − ∂A1 )φψi+ +
1
2
giσ
ae˜

aψ
i
− +
i
2
giF
iψ

− −
i
2
giΓ
i
jlψ
j
+ψ
l
−ψ

−
)
+ǫ−
(1
2
gi(∂
A
0 − ∂A1 )φiψ+ +
1
2
giσ
ae˜iaψ

− −
i
2
giF

ψi− +
i
2
giΓ

ıl
ψ
ı
−ψ
l
+ψ
i
−
)}
(2.34)
δ(Sgauge + Sr+Sθ) =
1
2π
1
2e2
∫
∂Σ
dx0
{
ǫ+
( i
2
λ−a(∇A1 +∇A0 )σa − λ+a
( i
2
F a01 +
i
4
[σ, σ]a +
Da
2
)
+ e2(φ∗µa + ra − iθa)λa+
)
+ǫ+
( i
2
λ−a(∇A1 +∇A0 )σa − λ+a
( i
2
F a01 −
i
4
[σ, σ]a − D
a
2
)
− e2(φ∗µa + ra + iθa)λa+
)
+ǫ−
( i
2
λ+a(∇A1 −∇A0 )σa − λ−a
( i
2
F a01 +
i
4
[σ, σ]a − D
a
2
)
− e2(φ∗µa + ra + iθa)λa−
)
+ǫ−
( i
2
λ+a(∇A1 −∇A0 )σa − λ−a
( i
2
F a01 −
i
4
[σ, σ]a +
Da
2
)
+ e2(φ∗µa + ra − iθa)λa−
)}
(2.35)
δSB =
1
2π
∫
∂Σ
dx0
{
(Bij∂
A
0 φ
i +Bıj∂
A
0 φ
ı
)(ǫ+ψ
j
− − ǫ−ψj+) + (Bi∂A0 φi +Bı∂A0 φı)(−ǫ+ψ− + ǫ−ψ+)
+
i
2
(ǫ+λ
a
+ + ǫ+λ
a
+ + ǫ−λ
a
− + ǫ−λ
a
−)φ
∗Ca
}
.
(2.36)
In deriving the above, we have used various identities from Ka¨hler geometry, as well as the
Killing equation in the form
gjk∇le˜ka + gkl∇j e˜ka = 0. (2.37)
We have also used the identity (2.23) to arrive at the form of δSB given in (2.36).
In order to restore supersymmetry at the boundaries, we need to choose an appropriate
set of boundary conditions on the fields, and these conditions must themselves be super-
symmetric. In fact, only an N = 2 subset of the four supersymmetries can be preserved at
the boundaries, because of the following reasons. Translation symmetry on the worldsheet
is broken at the boundaries, where the worldsheet momentum is no longer conserved. Since
the N = (2, 2) supersymmetry algebra includes
{Q±, Q±} = H ± P, (2.38)
the previous statement implies that on an open worldsheet, some of the supersymmetries
are broken at the boundaries. In particular, only certain linear combinations of the original
supersymmetries are preserved at the boundaries, i.e., those whose algebra do not include
the worldsheet momentum. There are two such combinations ([7], Chapter 39)
QA = Q+ + e
iβQ−, Q
†
A = Q+ + e
−iβQ−, (2.39)
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or
QB = Q+ + e
iβQ−, Q
†
B = Q+ + e
−iβQ−, (2.40)
where β is a real parameter, and these satisfy
{Q,Q†} = 2H, (2.41)
which is in fact the supersymmetry algebra of supersymmetric quantum mechanics. These
combinations are known as A-type and B-type supersymmetry.10
Now, note that one can further generalize the action ((2.4)+(2.19)) by considering
quiver GNLSMs, i.e., GNLSMs gauged by a direct product G1 × G2 × G3 . . . . This
corresponds to having several copies of ((2.6)+(2.19)+(2.8)), each corresponding to one
gauge group Gi together with its own coupling constant ei, as well as coupling the matter
in ((2.5)+(2.7)) to all of these gauge groups. In Sections 4 and 5 of this paper, we shall
focus on finding the A-type and B-type supersymmetric boundary conditions for quiver
abelian GNLSMs on toric manifolds, that is, GNLSMs with gauge group G = U(1)N .
These boundary conditions will ensure that (2.34), (2.35) and (2.36) vanish, restoring A-
type or B-type supersymmetry at the boundaries. Furthermore, we will identify boundary
interactions compatible with these conditions. These boundary conditions and boundary
interactions shall correspond to equivariant generalizations of D-branes, which we shall
refer to as equivariant A-branes and equivariant B-branes.
Before ending this section, we note that the action S + Sr ((2.4) + (2.19)) and su-
persymmetry variations (2.34), (2.35) and (2.36) reduce to the familiar formulae given in
[10] for GLSMs and NLSMs with boundary, in the appropriate limits. We can recover
the N = (2, 2) NLSM by setting the group G to be trivial. Alternatively, by choosing
X = CN , we find the usual formulae for a N = (2, 2) GLSM, with the gauge group G being
an isometry group of CN . For example, the U(1)N model with target space CN , i.e., an
abelian quiver GLSM, corresponds to the action S+Sr with the B-field and all Lie algebra
commutators vanishing, the moment map
µa = −(
N∑
i
Qia|φi|2), (2.42)
and the Killing vector fields
e˜ia = iQiaφi
e˜
ı
a = −iQiaφi
(2.43)
where we have chosen the flat metric gidφ
i ⊗ dφ = δijdφi ⊗ dφj, and where Qia are the
U(1) charges of φi with a = 1, . . . , N .
10The supercharges QA and QB also happen to correspond to the scalar supercharges preserved in the
A-twisted and B-twisted topological sigma models, when β = 0.
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3 GNLSMs from GLSMs and Mirror Symmetry
It is well-known that N = (2, 2) NLSMs with target spaces being toric manifolds can be
obtained in the IR limit of N = (2, 2) quiver abelian GLSMs [8]. Hori and Vafa [9] made
use of this to prove the mirror symmetry of manifolds with non-negative first Chern class
in terms of Landau-Ginzburg theories. This proof of mirror symmetry was later applied to
worldsheets with boundaries, whereby the Landau-Ginzburg mirrors of B-branes [10] and
A-branes [11] were found.
As shown by Baptista [12], it is also possible to obtain quiver abelian GNLSMs on
closed worldsheets with toric target spaces by taking a different limit of quiver abelian
GLSMs. Moreover, Baptista found the mirror Landau-Ginzburg theories of these GNLSMs.
This then suggests a natural generalization of Baptista’s proof to worldsheets with bound-
aries, in order to find equivariant A-branes and B-branes in abelian GNLSMs, as well as the
Landau-Ginzburg mirrors of these branes. We shall pursue this line of thought in Sections
4 and 5.
Before doing so, let us review Baptista’s generalization of mirror symmetry for GNLSMs
on closed manifolds. In superfield language, the action of a U(1)N -GLSM with target space
C
N is
SGLSM =
1
2π
∫
d2x
∫
d4θ
{ N∑
j=1
Φj
(
e Qˆ
b
j Vˆb+ Q˜
c
j V˜c
)
Φj −
N−k∑
b=1
( 1
2eˆ2b
Σˆb Σˆb
)
−
k∑
c=1
( 1
2e˜2c
Σ˜c Σ˜c
)}
+
1
2π
1
2
∫
d2x
(∫
d2θ˜ (−tˆb Σˆb − t˜c Σ˜c) + c.c.
)
,
(3.1)
where U(1)N = U(1)(N−k)×U(1)k, with the indices b = 1, . . . , N −k and c = 1, . . . , k. The
mirror of this theory is the following Landau-Ginzburg sigma model with twisted chiral
superfields Y i (whose imaginary parts are periodic, with period 2π) and action
Sdual =
1
2π
∫
d2x
∫
d4θ
{
− 1
2
N∑
j=1
(Y j + Y
j
)log(Y j + Y
j
) −
N−k∑
b=1
( 1
2eˆ2b
Σˆb Σˆb
)
−
k∑
c=1
( 1
2e˜2c
Σ˜c Σ˜c
)}
+
1
2π
1
2
∫
d2x
{∫
d2θ˜
((
QˆbjY
j − tˆb
)
Σˆb +
(
Q˜cjY
j − t˜c
)
Σ˜c +
N∑
j=1
e−Y
j
)
+ c.c.
}
.
(3.2)
It may seem from the logarithm in this action that the real part of Y j is positive-definite,
implying a boundary in the target space where the metric becomes singular. However,
quantum effects remove this boundary via the field renormalization Y j0 = Y
j+log(ΛUV /µ)
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([7], page 467).11 The corresponding Ka¨hler metric for this renormalized field is
ds2 =
N∑
i=1
|dyi|2
2(2log(ΛUV /µ) + yi + yi)
≈ 1
4log(ΛUV /µ)
N∑
i=1
|dyi|2 (3.3)
(where yi is the lowest component of Y i), which becomes flat in the continuum limit
ΛUV → ∞. Taking into account the periodicity of the imaginary part of Y i, this implies
that the target space for this Landau-Ginzburg sigma model is the algebraic torus (C×)
N
[9].
The duality between these actions is shown as follows. The GLSM action (3.1) can be
obtained by integrating out Y j from the following action
S0 =
1
2π
∫
d2x
∫
d4θ
{ N∑
j=1
(
e Qˆ
b
j Vˆb+ Q˜
c
j V˜c+B
j − 1
2
(Y j + Y
j
)Bj
)
−
N−k∑
b=1
( 1
2eˆ2b
Σˆb Σˆb
)
−
k∑
c=1
( 1
2e˜2c
Σ˜c Σ˜c
)}
+
1
2π
1
2
∫
d2x
( ∫
d2θ˜ (−tˆb Σˆb − t˜c Σ˜c) + c.c.
)
.
(3.4)
Alternatively, one can integrate out Bj, to obtain (3.2), modulo the term
N∑
j=1
e−Y
j
+ c.c.. (3.5)
This term appears when we take into account quantum effects, and is generated by vortices
([7], page 469). The N = (2, 2) supersymmetric actions (3.1) and (3.2) are mirror theories,
since the former is in terms of chiral superfields and the latter is in terms of twisted chiral
superfields. Furthermore, by comparing the different expressions one obtains for Bj when
deriving the two mirror theories, it can be shown that
Y j + Y
j
= 2Φje
Qˆbj Vˆb+Q˜
c
j V˜cΦj, (3.6)
which is an explicit relationship between the fields of the mirror theories.
Note that we have neglected the boundary terms which appear when integrating out
Y j , as well as the boundary terms that come about when deriving (3.2) from (3.4). The
above technique of proving mirror symmetry can be generalized to the situation whereby the
worldsheet has boundaries, where the fields obey boundary conditions and where additional
boundary interactions could occur. We shall see this in Sections 4 and 5, when we use the
above technique to find mirrors of abelian equivariant branes.
11The field renormalization of Y i arises due to the presence of the twisted superpotential in the action
(3.2), which can be written (modulo the exponential term) as
W˜ =
N∑
a
(
QiaY
i
0 − ta0
)
Σa
where Yi0 and ta0 = ra0 − iθa0 are bare quantities. Taking into account the renormalization of the FI
parameter (ra0 = ra+
∑N
i Qialog(ΛUV /µ)) [7] (where ΛUV is the UV cutoff, and µ is a finite energy scale),
in order for the superpotential to be finite, we must renormalize the bare fields Y j0 as Y
j
0 = Y
j+log(ΛUV /µ).
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To obtain a GNLSM from (3.1), we take the limit where eˆb → ∞. The Σˆb kinetic
terms vanishes, and the remaining fields belonging to Vˆb become auxiliary fields, and are
integrated out. The resulting sigma model has CN//U(1)N−k as target space, but is still
gauged, since the vector superfields V˜c are still present in the action. However, note that
in order to obtain a Ka¨hler target space with k complex dimensions, the FI parameters
rˆb must be within a Ka¨hler cone. In this way, we obtain the N = (2, 2) U(1)k-gauged
nonlinear sigma model (GNLSM) with Ka¨hler CN//U(1)N−k target space.
Taking the same limit eˆb →∞ in the dual Landau-Ginzburg sigma model (3.2) makes
the Σˆb kinetic terms vanish. Σˆb is then an auxiliary superfield, which we can integrate out
to impose the constraints
QˆbjY
j − tˆb = 0. (3.7)
These constraints have the solution
Y j = sˆj +
k∑
c=1
vjcΘ
c, (3.8)
where Θ1, . . . ,Θk are new twisted chiral fields, the complex constants sˆ1, . . . , sˆN ∈ C are
any solution of the algebraic relation Qˆbj sˆ
j = tˆb, and vjc are N primitive vectors v1, . . . , vN ∈
Z
k (which generate the regular fan associated with CN//U(1)N−k) that span Zk and satisfy∑N
j Qˆ
b
jv
j = 0. Thus, the eˆb →∞ limit gives the following U(1)k-gauged Landau-Ginzburg
sigma model
Sˆdual =
1
2π
∫
d2x
∫
d4θ
[
− 1
2
N∑
j=1
(sˆj + sˆ
j
+ 〈vj ,Θ+Θ〉)log(sˆj + sˆj + 〈vj ,Θ +Θ〉)−
k∑
c=1
( 1
2e˜2c
Σ˜c Σ˜c
)]
+
1
2π
1
2
∫
d2x
{∫
d2θ˜
(
〈Σ˜, Q˜j〉
(
〈vj ,Θ〉+ sˆj
)
− 〈Σ˜, t˜〉 +
N∑
j=1
e−〈v
j ,Θ〉−sˆj
)
+ c.c.
}
,
(3.9)
where 〈·, ·〉 is the canonical inner product on Rk. This gauged Landau-Ginzburg theory
has the holomorphic twisted superpotential
W˜ (Θ, Σ˜) = 〈Σ˜, Q˜j〉
(
〈vj ,Θ〉+ sˆj
)
− 〈Σ˜, t˜〉 +
N∑
j=1
e−〈v
j ,Θ〉−sˆj . (3.10)
The parametrization (3.8) implies that the target space of this gauged Landau-Ginzburg
sigma model, which is mirror to the GNLSM on the k-complex dimensional toric manifold
C
N//U(1)N−k , is the k-complex dimensional algebraic torus, (C×)
k
.
It is important to recognize that even though the mirror action (3.9) has U(1)k gauge
symmetry, its matter kinetic terms do not contain the vector superfields V˜ c, and therefore,
the components of the twisted chiral superfields Θc are not coupled to those in the vector
superfields, except in the superpotential. In other words, the matter fields in the gauged
Landau-Ginzburg theory (3.9), including the scalar fields which parametrize the (C×)
k
target space, are neutral under the U(1)k gauge symmetry.
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The above calculation, due to Baptista, is essentially the same as Hori and Vafa’s. The
only difference in Hori and Vafa’s case is that they start with a U(1)N−k GLSM with CN
target space instead of one with U(1)N−k×U(1)k gauge symmetry, and in the eˆb →∞ limit,
the gauge symmetry completely disappears in both the GLSM and its mirror, leaving us
with an NLSM with target space CN//U(1)N−k mirror to a (non-gauged) Landau-Ginzburg
sigma model with target space (C×)
k
and holomorphic twisted superpotential
W˜ =
N∑
j=1
e−〈v
j ,Θ〉−sˆj . (3.11)
Put differently, the Ka¨hler quotient CN//U(1)N−k has a U(1)k isometry which descends
from the residual U(1)k isometry of CN ([7], page 362), and this can manifest either as a
local or global symmetry in a CN//U(1)N−k sigma model. Baptista started with a GLSM
fully gauged by the U(1)N abelian isometry group of CN , and ended up with a local U(1)k
symmetry when taking eˆb → ∞, whereas Hori and Vafa started with a GLSM gauged
by only U(1)N−k, with the remaining U(1)k isometry forming a global symmetry of the
GLSM, which descends to a global symmetry of the NLSM in the eˆb →∞ limit.
Baptista’s technique of obtaining GNLSMs from GLSMs is an extremely powerful
one, as it allows us to obtain multiple GNLSMs from a single GLSM, by choosing which
coupling constants we wish to send to infinity. This implies the equivalence of several
GNLSMs with different Ka¨hler target manifolds, as well as the equivalence of equivariant
branes contained in these manifolds. These branes will be the main objective of our study
in the following sections. Furthermore, once a particular GNLSM is obtained, even its
gauge group can be modified, by demoting some of its U(1) gauge symmetries to global
symmetries. These points shall be useful to keep in mind when reading the following
sections, where we attempt to study abelian equivariant branes in as much generality as
possible. This shall be achieved by generalizing Baptista’s technique to obtain GNLSMs
on open worldsheets with toric target spaces, while studying both boundary conditions and
boundary interactions.
Explicit reduction of GLSMs to GNLSMs in the case with boundaries
We have only discussed the method of obtaining GNLSMs from GLSMs in superfield
language for closed worldsheets thus far. We will now derive this reduction in component
form for an open worldsheet, so that we may eventually find explicit boundary actions
and boundary conditions in GNLSMs. The U(1)N = U(1)N−k ×U(1)k GLSM action with
boundaries is given explicitly as12
SGLSM
12It is important to keep in mind that the superfield action (3.1) is only equal to this action upon
integration by parts, which give rise to boundary terms. However, we shall be concerned with this action,
(which has the standard kinetic terms), as well as the GNLSMs we can obtain from it, and their mirrors.
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=
1
2π
N∑
i
∫
d2x
{
−DµφiDµφi +
i
2
ψ−i(
←→
D0 +
←→
D1)ψ−i +
i
2
ψ+i(
←→
D0 −←→D1)ψ+i
− (
N∑
a
Qiaσa)(
N∑
a
Qiaσa)φiφi −
N∑
a
Qia(σaψ+iψ−i + σaψ−iψ+i)
−
N∑
a
iQiaφi(λ−aψ+i − λ+aψ−i)−
N∑
a
iQiaφi(ψ−iλ+a − ψ+iλ−a) + |Fi|2
}
+
1
2π
N∑
a
1
2e2a
∫
d2x
{
(F01a)
2 − ∂µσa∂µσa + (Da)2 + 2e2aDa(
N∑
i
Qiaφiφi − ra)
+
i
2
λ+a(
←→
∂0 −←→∂1 )λ+a + i
2
λ−a(
←→
∂0 +
←→
∂1 )λ−a + 2e
2
aθaF01a
}
=
1
2π
N∑
i
∫
d2x
{
−DµφiDµφi +
i
2
ψ−i(
←→
D0 +
←→
D1)ψ−i +
i
2
ψ+i(
←→
D0 −←→D1)ψ+i
− (
N−k∑
b
Qˆibσˆb +
k∑
c
Q˜icσ˜c)(
N−k∑
b
Qˆibσˆb +
k∑
c
Q˜icσ˜c)φiφi
−
N−k∑
b
Qˆib(σˆbψ+iψ−i + σˆbψ−iψ+i)−
k∑
c
Q˜ic(σ˜cψ+iψ−i + σ˜cψ−iψ+i)
−
N−k∑
b
iQˆibφi(λˆ−bψ+i − λˆ+bψ−i)−
k∑
c
iQ˜icφi(λ˜−cψ+i − λ˜+cψ−i)
−
N−k∑
b
iQˆibφi(ψ−iλˆ+b − ψ+iλ−b)−
k∑
c
iQ˜icφi(ψ−iλ˜+c − ψ+iλ−c) + |Fi|2
}
+
1
2π
∫
d2x
{N−k∑
b
(Dˆb(
N∑
i
Qˆibφiφi − rˆb) + θˆbFˆ01b) +
k∑
c
(D˜c(
N∑
i
Q˜icφiφi − r˜c) +
k∑
c
θ˜cF˜01c)
}
+
1
2π
N−k∑
b
1
2eˆ2b
∫
d2x
{
(Fˆ01b)
2 − ∂µσˆb∂µσˆb + (Dˆb)2 + i
2
λˆ+b(
←→
∂0 −←→∂1 )λˆ+b + i
2
λˆ−b(
←→
∂0 +
←→
∂1 )λˆ−b
}
+
1
2π
k∑
c
1
2e˜2c
∫
d2x
{
(F˜01c)
2 − ∂µσ˜c∂µσ˜c + (D˜c)2 + i
2
λ˜+c(
←→
∂0 −←→∂1 )λ˜+c + i
2
λ˜−c(
←→
∂0 +
←→
∂1 )λ˜−c
}
,
(3.12)
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where the covariant derivatives are
Dµφi = (∂µ + i
N−k∑
b
QˆibAˆµb + i
k∑
c
Q˜icA˜µc)φi,
Dµφi = (∂µ − i
N−k∑
b
QˆibAˆµb − i
k∑
c
Q˜icA˜µc)φi,
Dµψ±i = (∂µ + i
N−k∑
b
QˆibAˆµb + i
k∑
c
Q˜icA˜µc)ψ±i,
Dµψ±i = (∂µ − i
N−k∑
b
QˆibAˆµb − i
k∑
c
Q˜icA˜µc)ψ±i.
(3.13)
In (3.12), we have first written the GLSM it its familiar form, and then split the terms
containing vector multiplet components as in (3.1). We shall now take the eˆb → ∞ limit
in (3.12), whereby the vector multiplet kinetic terms as well as the term (Dˆb)
2 vanish.
This means that all the components of the vector superfields Vˆb = {Aˆµb, σˆb, λˆb, Dˆb} become
auxiliary.
Consequently, the equations of motion of Aˆµb and σˆb give the following constraints on
themselves13
N∑
i
Qˆib[i(φiD0φi − φiD0φi) + ψ−iψ−i + ψ+iψ+i] = 0
N∑
i
Qˆib[i(φiD1φi − φiD1φi)− ψ−iψ−i + ψ+iψ+i] = 0,
(3.14)
N∑
i
[−Qˆib(
N−k∑
b
Qˆidσˆd +
k∑
c
Q˜icσ˜c)φiφi − Qˆibψ+iψ−i] = 0
N∑
i
[−Qˆib(
N−k∑
d
Qˆidσˆd +
k∑
c
Q˜icσ˜c)φiφi − Qˆibψ−iψ+i] = 0,
(3.15)
while integrating out the gauginos (λˆb) gives the constraints
N∑
i
Qˆibφiψ±i = 0, (3.16)
and finally, integrating out Dˆb gives
N∑
i
Qˆibφiφi − rˆb = 0, (3.17)
13To be precise, the equation of motion for Aˆ0b (which is the first equation in (3.14)) will be modified by
a boundary term proportional to θˆb, unless appropriate boundary conditions and/or boundary terms are
used. We shall assume that this is the case for now, and in the following sections we will study boundary
actions whereby the Aˆ0b equation of motion in (3.14) is precise both in the bulk and at the boundaries.
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for b = 1, . . . , N − k.14
In order to derive the explicit action for the U(1)k-GNLSM with a Ka¨hler target space
C
N//U(1)N−k , we need to set the FI parameters rˆb to be in a particular Ka¨hler cone,
before taking the eˆb → ∞ limit.15 Next, we need to find parametrizations for the scalar
fields φi which satisfy (3.17), as well as parametrizations for ψ± which satisfy (3.16). Then,
Aˆµb and σˆb must be integrated out of the action using (3.14) and (3.15). Finally, we need
to replace the matter auxiliary field term
N∑
i
|Fi|2 (3.18)
with the matter auxiliary field term of the GNLSM in (2.5).
This procedure is simplest for the case of N − k = 1, where (3.14) and (3.15) reduce
to
Aˆ0 =
∑N
i Qˆi[i(φiD˜0φi − φiD˜0φi) + ψ−iψ−i + ψ+iψ+i]
2
∑N
j Qˆ
2
j |φ2j |
Aˆ1 =
∑N
i Qˆi[i(φiD˜1φi − φiD˜1φi)− ψ−iψ−i + ψ+iψ+i]
2
∑
j Qˆ
2
j |φ2j |
(3.19)
and
σˆ =
∑N
i=1[−Qˆi(
∑k
c Q˜icσ˜c)φiφi − Qˆiψ+iψ−i]∑N
j=1 Qˆ
2
jφjφj
σˆ =
∑N
i=1[−Qˆi(
∑k
c Q˜icσ˜c)φiφi − Qˆiψ−iψ+i]∑N
j=1 Qˆ
2
jφjφj
,
(3.20)
where
D˜µφi = (∂µ + i
k∑
c
Q˜icA˜µc)φi,
D˜µφi = (∂µ − i
k∑
c
Q˜icA˜µc)φi.
(3.21)
A good example is that of X = CPN−1, which corresponds to the quotient
C
N//U(1) (3.22)
with charges Qˆi = 1, and the FI parameter rˆ > 0, which is the Ka¨hler cone of CP
N−1.
Thus, we should begin with the GLSM (3.12) with N − k = 1, Qˆi = 1 and rˆ > 0. In this
case, the constraint (3.17) is
N∑
i
φiφi = rˆ, (3.23)
14These constraints are consistent with the N = (2, 2) supersymmetry of the GLSM action.
15In fact choosing the FI parameters rˆb to be in a Ka¨hler cone actually triggers spontaneous symmetry
breaking of U(1)N−k via a Higgs mechanism. This can be seen by integrating out the auxiliary fields Dˆb.
Then, the U(1)N−k vector multiplets and the scalar fields transverse to the Ka¨hler manifold defined by this
Ka¨hler cone become massive, with masses given in terms of eˆb. Then, taking the eˆb → ∞ limit decouples
these massive modes and gives us a theory of massless fields, without U(1)N−k symmetry.
and is solved by
φi =
Zi
√
rˆeit√
1 +
∑N−1
k |Zk|2
, i = 1, . . . , N − 1
φN =
√
rˆeit√
1 +
∑N−1
k |Zk|2
,
(3.24)
where
Zi =
φi
φN
(3.25)
correspond to the inhomogeneous coordinates which parametrize a local patch of CPN−1.
Furthermore, the fermionic constraint (3.16) can be solved by
ψi± =
ψZi±
√
rˆeit
(1 +
∑N−1
k |Zk|2)
1
2
− Z
i(
∑N−1
l ψ
Zl
± Z
l
)
√
rˆeit
(1 +
∑N−1
k |Zk|2)
3
2
, i = 1, . . . , N − 1
ψN± =
−∑N−1j (ψZj± Zj)√rˆeit
(1 +
∑N−1
k |Zk|2)
3
2
(3.26)
where ψZ
i
± correspond to Grassmann-valued vector fields defined on the aforementioned
patch of CPN−1.
Using (3.19) and (3.24), we can show that the terms containing only bosonic fields in
the scalar kinetic term of the GLSM (−∑Ni DµφiDµφi) are
− rˆ(
∑N−1
j ∂
A
µ Z
j∂AµZ
j
)
(1 +
∑N−1
i |Zi|2)
+
rˆ(
∑N−1
j Z
j∂Aµ Z
j
)(
∑N−1
k Z
k
∂AµZk)
(1 +
∑N−1
i |Zi|2)2
, (3.27)
where
∂Aµ Z
j = ∂µZ
j + i
N−1∑
c
(Q˜jc − Q˜Nc)A˜µcZj, (No sum over j). (3.28)
In (3.27), we find the scalar kinetic term given in (2.5) for X = CPN−1 and G = U(1)N−1,
with the metric on CPN−1 being the standard Fubini-Study metric.16 Comparing the
covariant derivative (3.28) with the general form given in (2.9), we find that the holomorphic
Killing vector fields corresponding to the U(1)N−1 isometry on CPN−1 are given by17
e˜jc = i(Q˜jc − Q˜Nc)Zj. (3.29)
The term proportional to D˜c in the GLSM is found to contain the moment map for the
U(1)N−1 isometry of CPN−1,
µ˜c =
−rˆ(∑N−1i Q˜ic|Zi|2 + Q˜Nc)
(1 +
∑N−1
k |Z|2)
, (3.30)
16Here, the FI parameter plays the role of the modulus which parametrizes the size of CPN−1.
17The fact that the U(1)N−1 charges of the inhomogeneous coordinates Zj are given by (Q˜jc − Q˜Nc)
can also be deduced from (3.25).
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via (3.24), and thereby we retrieve the moment map term of (2.6). Similarly, using (3.19)
and (3.24), we find that the θˆ term gives rise to the the B-field and C-field terms of the
GNLSM, with
B = − θˆ
rˆ
ω, (3.31)
(where ω is the Fubini-Study Ka¨hler form) and
Cc = − θˆ
rˆ
µ˜c, (3.32)
as well as the boundary term
− 1
2π
∫
∂Σ
θˆ
2rˆ
N∑
i
(ψ−iψ−i + ψ+iψ+i), (3.33)
where we have maintained its GLSM form for convenience. We shall comment more on
this term below.
In a similar manner, we may continue the procedure explained below (3.17) with the
help of (3.19), (3.20), (3.24) and (3.26) in order to obtain the complete GNLSM action
given in (2.4)+(2.19) for X = CPN−1 and G = U(1)N−1. For conciseness, we shall only
write out the resulting action for N = 2, i.e., the U(1)-GNLSM with CP 1 target:
S =
1
2π
∫
Σ
d2x
{
− rˆ ∂
A
µ Z∂
AµZ
(1 + |Z|2)2 +
i
2
rˆ
ψ
Z
+
←→∇ A−ψZ+
(1 + |Z|2)2 +
i
2
rˆ
ψ
Z
−
←→∇ A+ψZ−
(1 + |Z|2)2
− rˆ|σ˜|
2|e˜Z |2
(1 + |Z|2)2 +
irˆ
(1 + |Z|2)2∇Z e˜
Z(σ˜ψ
Z
−ψ
Z
+ + σ˜ψ
Z
+ψ
Z
−)
+
rˆ
(1 + |Z|2)2
(
λ˜+e˜
Zψ
Z
− − λ˜−e˜ZψZ+ − λ˜+e˜ZψZ− + λ˜−e˜ZψZ+
)
− 2rˆ
(1 + |Z|2)4ψ
Z
+ψ
Z
−ψ
Z
−ψ
Z
+ +
1
(1 + |Z|2)2 (F
Z +
2Z
(1 + |Z|2) ψ
Z
+ψ
Z
−)(F
Z
+
2Z
(1 + |Z|2) ψ
Z
−ψ
Z
+)
}
+
1
2π
1
2e˜2
∫
Σ
d2x
{
(F˜01)
2 − ∂µσ˜∂µσ˜ + (D˜)2 + i
2
λ˜+(
←→
∂−)λ˜+ +
i
2
λ˜−(
←→
∂+)λ˜− − 2e˜2(Z∗µ˜+ r˜)D˜
}
− 1
2π
∫
Σ
φ∗B +
1
2π
∫
∂Σ
{
φ∗CaA
a − θˆ
2rˆ
N=2∑
i
(ψ−iψ−i + ψ+iψ+i)
}
+
1
2π
∫
Σ
d2x(θ˜F˜01),
(3.34)
where the holomorphic Killing vector field is
e˜Z = i(Q˜1 − Q˜2)Z (3.35)
with covariant derivative
∇Z e˜Z = i(Q˜1 − Q˜2)
(1− |Z|2
1 + |Z|2
)
, (3.36)
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and the moment map
µ˜ =
−rˆ(Q˜1|Z|2 + Q˜2)
(1 + |Z|2) . (3.37)
The action we have obtained for the U(1)N−1-GNLSM with CPN−1 target space cor-
responds exactly to the general action (2.4)+(2.19), with the exception of the (spurious)
boundary term (3.33). This term takes the form
− 1
2π
∫
∂Σ
θˆ
2
∑N
i Qˆi(ψ−iψ−i + ψ+iψ+i)∑N
j Qˆ
2
j |φj |2
, (3.38)
when we start with GLSMs with arbitrary Qˆi, for which the reduction procedure gives
GNLSMs with toric target space X = CN//U(1). This boundary term also occurs in the
reduction of GLSMs to NLSMs [13], and can be removed in several ways, including the
addition of a boundary term to the GLSM we start with [13], or by a judicious choice of
boundary conditions on the fermionic fields. In the following sections, we shall explain how
this term is removed when investigating the cases of A-type and B-type supersymmetry at
the boundaries.
Before ending this section, we would like to point out that the classical procedure of
obtaining GNLSMs from GLSMs which we have explained above is valid at the quantum
level, since the eˆb →∞ limit can be taken for the path integral of the GLSM, and functional
integration over the auxiliary components of Vˆb is equivalent to imposing their algebraic
equations of motion as constraints. However, taking renormalization of the FI parameters
into account, it can be shown that we may only obtain quantum GNLSMs for Ka¨hler
targets with c1(X) ≥ 0. This is because the RG flow at the one-loop level of the bare FI
parameters rˆ0b is
rˆ0b = rˆb(µ) +
N∑
i=1
Qˆib log
(ΛUV
µ
)
, (3.39)
(where ΛUV is an ultraviolet cut-off and µ is a finite energy scale). As shown in [7], for
a basis eb of H2(X,Z), we have
∑N
i Qˆib = c1(X) · eb. Then, for a holomorphic curve
m =
∑N−k
b mbeb in X (i.e., an element of the Mori cone of X)
N−k∑
b
mbrˆ0b =
N−k∑
b
mbrˆb(µ) +
N−k∑
b
mb(c1(X) · eb) log
(ΛUV
µ
)
. (3.40)
For the bare FI parameters to be in the Ka¨hler cone of X, the LHS of (3.40) ought to be
greater than zero. In the continuum limit (ΛUV → ∞), this is impossible if c1(X) ≥ 0 is
not satisfied.
4 Equivariant B-branes and their Mirrors
We shall apply the techniques discussed above to find boundary actions and boundary con-
ditions in abelian GNLSMs with toric target spaces, X, as well as their mirror descriptions.
These boundary actions and boundary conditions will correspond to branes in X, which
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we refer to as equivariant branes. We first study the case where B-type supersymmetry is
preserved at the boundaries of the I × R worldsheet, since this leads us to make contact
with a result found previously by Kapustin et al. [14, 15], while in the next section, we
shall use similar techniques to study equivariant A-branes. After gaining insights from
the study of abelian equivariant B-branes, we shall then proceed to analyze equivariant
B-branes for nonabelian GNLSMs.
The combination of supercharges which define B-type supersymmetry are given by
(2.40). In the following, we shall set β = 0 for simplicity, though it is straightforward to
study the β 6= 0 generalization by the same techniques. In other words, we assume that
the supercharges conserved at the boundaries are
QB = Q+ +Q−, Q
†
B = Q+ +Q−. (4.1)
From (2.33), we find that the corresponding relations among the supersymmetry transfor-
mation parameters are
ǫ = ǫ+ = −ǫ−
ǫ = ǫ+ = −ǫ−.
(4.2)
We shall also make use of superfields when discussing boundary conditions, and to this
end, the concept of ‘boundaries’ in superspace [11] is useful. For the case at hand, the
relevant boundary in superspace is known as ‘B-boundary’, and corresponds to
θ = θ+ = θ−
θ = θ
+
= θ
−
.
(4.3)
Let us first review what is known of ordinary B-branes. For N = (2, 2) NLSMs, the
boundary condition needed to preserve B-type supersymmetry at the boundaries maps
each boundary to a holomorphically embedded complex submanifold of the target space
[10]. In addition, we may include the following boundary action
S∂Σ =
∫
∂Σ
dx0
{
AXM∂0X
M − i
4
FXMN (ψ
M
+ + ψ
M
− )(ψ
N
+ + ψ
N
− )
}
, (4.4)
which is B-type supersymmetric if FXmn = F
X
mn = 0 (here, we use (M,N, . . .) as coordinate
indices on the holomorphically embedded branes), where AXM corresponds to a connection
of a line (U(1)) bundle on each B-brane, and FXMN the corresponding curvature. The con-
ditions FXmn = F
X
mn = 0 indicate that each line bundle is holomorphic [17]. This boundary
action is in fact a supersymmetric Wilson line, and since we have two boundary compo-
nents, we actually have two different Wilson lines along each boundary, corresponding to
two different B-branes supporting holomorphic line bundles, each with different connections
and curvatures ([10], page 21).
An alternative formulation of B-branes exists [10], where mixed Dirichlet-Neumann
boundary conditions are imposed on some of the target space coordinates, and the boundary
action is
S∂Σ =
∫
∂Σ
dx0AXM∂0X
M , (4.5)
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which is an ordinary Wilson line along each boundary component. This formulation leads
us to the same spacetime theory as (4.4) [18]. Moreover, B-type supersymmetry is preserved
at the boundaries if FXmn = F
X
mn = 0, indicating a holomorphic line bundle on each B-brane.
We are interested in the generalizations of (4.4) and (4.5) (and their corresponding
boundary conditions) for GNLSMs. One method of obtaining such a generalization would
be to replace ordinary worldsheet derivatives by covariant ones, and attempt to maintain
supersymmetry and gauge symmetry by adding additional terms. However, it is known
that (4.4) and (4.5) and their corresponding boundary conditions can be obtained from
GLSM boundary actions and boundary conditions [10]. This suggests the more elegant
method of obtaining the GNLSM generalizations from GLSM boundary conditions and a
GLSM boundary action, using the methods of Section 3. In the following, we shall attempt
to generalize the boundary action (4.4) to the case of U(1)k-GNLSMs with Ka¨hler toric
target space, before proceeding to do the same for the boundary action (4.5).
B-branes on CN//U(1) from GLSM
Let us first recall how B-type supersymmetric boundary conditions and the boundary
action (4.4) for an NLSM with CN//U(1) target space can be obtained from boundary
conditions and the boundary action of a U(1)-GLSM with CN target [10]. We shall focus
on obtaining NLSM boundary conditions corresponding to space-filling branes. To this
end, we must impose B-type supersymmetric boundary conditions at the GLSM level which
include Neumann boundary conditions on the chiral superfields.18
Using the language of superfields, these conditions are [10, 11]
Dˆ+Φi = Dˆ−Φi
Σˆ = Σˆ
(4.6)
at B-boundary,19 where Dˆ± = e−QˆiVˆD±eQˆiVˆ ; while in components, they are given as
ψ+i − ψ−i = 0
Fi = 0
Dˆ1φi = 0
Dˆ1(ψ+i + ψ−i) = 0
(4.7)
and
Im(σˆ) = 0
λˆ+ + λˆ− = 0
∂1Re(σˆ) + Fˆ01 = 0
(4.8)
18In general, the B-type NLSM also admits boundary conditions which correspond to lower dimensional
branes, the only restriction is that such a brane corresponds to a complex submanifold holomorphically
embedded in the target space [10, 19]. These boundary conditions are obtainable in the eˆ → ∞ limit
from GLSM boundary terms which effectively impose Dirichlet boundary conditions on some of the chiral
multiplets [11].
19A boundary condition imposed on a superfield automatically implies that its components obey a set
of boundary conditions which are closed under supersymmetry.
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where the covariant derivative of the scalar fields is
Dˆµφi = ∂µφi + iQˆiAˆµφi. (4.9)
However, the boundary conditions of some of the vector multiplet fields remain to be
specified, and therefore we impose [10, 11]
Fˆ01 = −eˆ2θˆ, (4.10)
which further implies
∂1(λˆ+ − λˆ−) = 0
∂1(Dˆ + ∂1Im(σˆ)) = 0
(4.11)
via B-type supersymmetry. These conditions are also invariant under U(1) gauge trans-
formations. We also need to add a boundary term to cancel the B-type supersymmetry
variation of the bulk theta term, i.e., the expression
θˆ
2π
∫
Σ
d2x Fˆ01 +
θˆ
2π
∫
∂Σ
dx0
(σˆ + σˆ)
2
(4.12)
is B-type supersymmetry invariant. Having imposed the above boundary conditions and
the boundary term in (4.12), the GLSM action is B-type supersymmetric at the boundaries.
In addition, we include the boundary action
S∂Σ =
θˆ
4πrˆ
∫
∂Σ
dx0
N∑
i
(
iDˆ0φi φi−iφiDˆ0φi+(ψ+i+ψ−i)(ψ+i+ψ−i)−Qˆi(σˆ+σˆ)|φi|2
)
, (4.13)
which is B-type supersymmetric on its own.20 Its inclusion is necessary to obtain the
boundary action (4.4), which plays the role of elucidating the geometry of the branes.
Now, recall from [10] that the bulk theta term can be converted into a boundary term
in some circumstances. In particular, we have
θˆ
2π
∫
Σ
d2x Fˆ01 = − θˆ
2π
∫
∂Σ
dx0 Aˆ0, (4.14)
via Stoke’s theorem, but this violates gauge invariance. The violation is
θˆ
2π
∫
∂Σ
dx0 ∂0α =
θˆ
2π
∫
dα =
θˆ
2π
2πm (4.15)
where m ∈ Z. However, if θˆ ∈ 2πZ, then (4.15) implies that exp(−i θˆ2π
∫
∂Σ Aˆ) is gauge
invariant, and hence, the path integral remains gauge invariant. We shall assume that
θˆ ∈ 2πZ hereon, by setting θˆ = 2πn, where n ∈ Z.
20If we were to discard the expression (4.13), the boundary conditions would ensure the locality of the
equations of motion of the worldsheet fields. Its inclusion renders the equations of motion for φi, ψi, Aˆµ
and σˆ nonlocal [10], i.e., they contain boundary terms.
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Doing so, we may then write (4.12) and (4.13) as
S′∂Σ =
n
2rˆ
∫
∂Σ
dx0
( N∑
i
i∂0φi φi − iφi∂0φi +
N∑
i
(ψ+i + ψ−i)(ψ+i + ψ−i)
+ 2Aˆ0(
N∑
i
Qˆi|φi|2 − rˆ)− (σˆ + σˆ)(
N∑
i
Qˆi|φi|2 − rˆ)
) (4.16)
Taking the eˆ→∞ (NLSM) limit, the components of the vector multiplet become auxiliary.
Integrating Dˆ out of the bulk action enforces the constraint
N∑
i
Qˆi|φi|2 − rˆ = 0 (4.17)
and consequently, the second line of (4.16) vanishes. Integrating out the rest of the vector
multiplet gives several more constraints, the one relevant to the boundary action being
N∑
i
Qˆiφiψ±i = 0. (4.18)
Thus, the boundary action (4.16) reduces to
S′∂Σ =
n
2rˆ
∫
∂Σ
dx0
N∑
i
(
(i∂0φi φi − iφi∂0φi) + (ψ+i + ψ−i)(ψ+i + ψ−i)
)
(4.19)
with (4.17) and (4.18) strictly imposed. As explained in [10], the first term in (4.19) is
nothing but the hermitian connection
AXI dX
I = −n i
2
∑
N
i=1φi
←→
d φi∑
N
i=1Qˆi|φi|2
. (4.20)
of OX(−n) on the toric manifold X = CN//U(1), since it transforms under U(1) gauge
transformations (φi → eiQˆiαφi)as
AXI dX
I → AXI dXI − (−n)dα. (4.21)
Here, OX(−n) is the holomorphic line bundle on X with
∫
X c1(OX(−n)) = −n.
Using parametrizations for φi and ψ±i which satisfy (4.17) and (4.18), the explicit
NLSM boundary action (4.4) is obtained, with FXjk = F
X
k
= 0, together with the compatible
boundary conditions. For example, for X = CPN−1, we may use the parametrizations
(3.24) and (3.26) to satisfy (4.17) and (4.18), and with the help of the constraints which
come from integrating out the vector multiplet, the boundary conditions (4.7) become
ψZ
i
+ − ψZ
i
− = 0
FZ
i
= 0
∂1Z
i = 0
∂1(ψ
Zi
+ + ψ
Zi
− ) = 0,
(4.22)
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where the purely Neumann boundary conditions on Zi indicate that the B-brane is a
space-filling brane; while the boundary action (4.19) is reexpressed as
S′∂Σ =
n
2rˆ
∫
∂Σ
dx0
{
−irˆ∑N−1i (Zi∂0Zi − Zi∂0Zi)
(1 +
∑N−1
k |Zk|2)
+ 2rˆ∂0t+
rˆ
∑N−1
i (ψ
Zi
+ + ψ
Zi
− )(ψ
Z
i
+ + ψ
Z
i
− )
(1 +
∑N−1
k |Zk|2)
− rˆ
∑N−1
i Z
i
(ψZ
i
+ + ψ
Zi
− )
∑N−1
j Z
j(ψ
Z
j
+ + ψ
Z
j
− )
(1 +
∑N−1
k |Zk|2)2
}
,
=
∫
∂Σ
dx0
{
AXj ∂0X
j +AX ∂0X

+ n∂0t− i
2
FX
jk
(ψj+ + ψ
j
−)(ψ
k
+ + ψ
k
−)
}
,
(4.23)
where Xj = Zj, ψj = ψZ
j
,
AXj = −n
i
2
Z
j
(1 +
∑N−1
k |Zk|2)
, A
X
 = n
i
2
Zj
(1 +
∑N−1
k |Zk|2)
(4.24)
are the components of the connection of OCPN−1(−n), while its curvature is
Fjk = nωjk, (4.25)
where ωjk = igjk are the components of the normalized
21 Fubini-Study Ka¨hler form of
CPN−1,
ω = i
(
∑N−1
j dZ
j ∧ dZj)
(1 +
∑N−1
k |Zk|2)
− i(
∑N−1
l Z
l
dZ l) ∧ (∑N−1j ZjdZj)
(1 +
∑N−1
k |Zk|2)2
. (4.26)
The expression (4.23) agrees with (4.4) up to the term n∂0t. This term merely reflects the
fact that the U(1) gauge symmetry is broken at the boundaries, and it can be removed via
the gauge transformation (4.21), with α = −t. At the path integral level, we may instead
use
∫
∂Σ dx
0n∂0t = 2πnm (for some m ∈ Z) to remove the term. Thus, the boundary
conditions (4.22) and the boundary action (4.23) indicate that the worldsheet boundaries
are mapped to a space-filling B-brane on CPN−1, which supports the holomorphic line
bundle OCPN−1(−n).
4.1 Equivariant B-branes on CN//U(1) from GLSM
Having recalled how the B-type supersymmetric boundary action and boundary conditions
for NLSMs with toric target spaces of the form CN//U(1) are obtained from a GLSM, we
shall now proceed to obtain the B-type supersymmetric boundary action and boundary
conditions for abelian GNLSMs with the same target spaces.
Firstly, we impose the following B-type supersymmetric boundary conditions, which
are invariant under U(1)N gauge symmetry, and which include Neumann boundary condi-
tions on the chiral superfields, i.e.,
D+Φi = D−Φi
Σa = Σa
(4.27)
21Unlike (4.26), the Fubini-Study metric that appears in the bulk NLSM action contains the FI param-
eter, rˆ, which is the size modulus of the Fubini-Study metric; see (3.27).
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at B-boundary, where D± = e−
∑N
a QiaVaD±e
∑N
a QiaVa , as well as
F01a = −ea2θa. (4.28)
In components, these boundary conditions are
ψ+i − ψ−i = 0
Fi = 0
D1φi = 0
D1(ψ+i + ψ−i) = 0.
(4.29)
and
Im(σa) = 0
λ+a + λ−a = 0
∂1Re(σa) = ea
2θa
F01a = −ea2θa
∂1(λ+a − λ−a) = 0
∂1(Da + ∂1Im(σa)) = 0.
(4.30)
It is crucial to note that these boundary conditions are compatible with the constraints
(3.19) and (3.20) which are imposed when taking the eˆ → ∞ limit to reduce the GLSM
to a GNLSM. We also ought to supersymmetrize the bulk theta terms as in (4.12), which
gives
θˆ
2π
∫
Σ
Fˆ01d
2x+
θˆ
2π
∫
∂Σ
(σˆ + σˆ)
2
dx0+
N−1∑
c
( θ˜c
2π
∫
Σ
F˜01cd
2x+
θ˜c
2π
∫
∂Σ
(σ˜c + σ˜c)
2
dx0
)
. (4.31)
With the above boundary conditions and boundary terms, the GLSM action is B-type
supersymmetric at the boundaries.
In addition, we must generalize the U(1)-GLSM boundary action (4.13) to a boundary
action for the U(1)N -GLSM given in (3.12), with N − k = 1. This is given by
S∂Σ =
θˆ
4πrˆ
∫
∂Σ
dx0
N∑
i
(
iD0φi φi−iφiD0φi+(ψ+i+ψ−i)(ψ+i+ψ−i)−
N∑
a
Qia(σa+σa)|φi|2
)
,
(4.32)
(where the covariant derivatives of the scalar fields are given by (3.13)) and is B-type
supersymmetric on its own.
Next, we set θˆ = 2πn, which allows us to write (4.31) and (4.32) in a form which
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generalizes (4.16), i.e.,
S′∂Σ =
n
2rˆ
∫
∂Σ
dx0
( N∑
i
(i∂0φi φi − iφi∂0φi) +
N∑
i
(ψ+i + ψ−i)(ψ+i + ψ−i)
+ 2Aˆ0(
N∑
i
Qˆi|φi|2 − rˆ)− (σˆ + σˆ)(
N∑
i
Qˆi|φi|2 − rˆ)
+ 2
N−1∑
c
A˜0c
N∑
i
Q˜ic|φi|2 −
N−1∑
c
(σ˜c + σ˜c)
N∑
i
Q˜ic|φi|2
)
+
N−1∑
c
( θ˜c
2π
∫
Σ
F˜01cd
2x+
θ˜c
2π
∫
∂Σ
(σ˜c + σ˜c)
2
dx0
)
.
(4.33)
As in the NLSM case, taking the eˆ →∞ limit results in the vector multiplet components
becoming auxiliary (see Section 3). Integrating Dˆ out of the bulk action imposes the
condition (4.17), and this results in the second line of (4.33) vanishing. Integrating out
the rest of the vector multiplet components imposes (4.18), as well as (3.19) and (3.20)
(the latter are no longer relevant to the boundary action once the second line of (4.33)
vanishes).22
Next, to find the explicit B-type GNLSM boundary conditions and boundary action, we
must find parametrizations which satisfy (4.17) and (4.18). Let us study our usual example
of CPN−1. Using the parametrizations (3.24) and (3.26), as well as the constraints (3.19)
and (3.20), the boundary conditions become
ψZ
i
+ − ψZ
i
− = 0
FZ
i
= 0
∂A1 Z
i = 0
φ∗∇A1 (ψZ
i
+ + ψ
Zi
− ) = 0
(4.34)
and
Im(σ˜c) = 0
λ˜+c + λ˜−c = 0
∂1Re(σ˜c) = e˜
2
c θ˜c
F˜01c = −e˜2c θ˜c
∂1(λ˜+c − λ˜−c) = 0
∂1(D˜c + ∂1Im(σ˜c)) = 0,
(4.35)
which are invariant under the U(1)N−1 gauge symmetry, and satisfy the B-type super-
symmetry transformations obtained from (2.31) and (2.32). Moreover, these boundary
conditions result in the vanishing of the expressions (2.34) and (2.35), thus ensuring the
22It is important to integrate out Dˆ before integrating out Aˆ0, otherwise the algebraic equation of motion
of Aˆ0 given in (3.19) will be modified by a boundary term, see footnote 13.
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preservation of B-type supersymmetry at the boundaries. Note that the expression (2.36)
does not occur when performing a supersymmetry variation, since the B-field and C-field
terms do not appear in the action of the GNLSM, as we have used the bulk θˆ term of the
corresponding GLSM in the construction of our boundary action via (4.14). The spurious
boundary term (3.33) also does not occur, for the same reason. In analogy with the NLSM
case, the Neumann boundary conditions on Zi imply that the equivariant B-brane wraps
the entire target space, CPN−1, i.e., it is space-filling.
Next, let us find the explicit form of the boundary action. The parametrizations (3.24)
and (3.26) give
S′∂Σ =
∫
∂Σ
dx0
{
AXj ∂0X
j +AX ∂0X
 −
N−1∑
c
iRcA˜c + n∂0t− i
2
FX
jk
(ψj+ + ψ
j
−)(ψ
k
+ + ψ
k
−)
}
+
N−1∑
c
( θ˜c
2π
∫
Σ
F˜01cd
2x+
θ˜c
2π
∫
∂Σ
(σ˜c + σ˜c)
2
dx0
)
,
(4.36)
where, as in (4.23), Xj = Zj, ψj± = ψ
Zj
± , and the components of the connection A and
curvature F of OCPN−1(−n) are given by (4.24) and (4.25), respectively. Besides the
supersymmetrized θ˜ terms, the only other new term (with respect to (4.23)) is
−
N−1∑
c
iRcA˜c, (4.37)
where
A˜c = −i
(
A˜0c − (σ˜c + σ˜c)
2
)
, (4.38)
and
Rc =
−n(∑N−1i Q˜ic|Zi|2 + Q˜Nc)
(1 +
∑N−1
k |Z|2)
. (4.39)
The expression (4.36) is gauge invariant under the unbroken U(1)N−1 symmetry.23 Now,
we must remove the n∂0t term as we did in the NLSM case, since t is not a coordinate of
the CPN−1 target space, but rather locally parametrizes the Hopf fiber over CPN−1 which
gives rise to the sphere SN+1 defined by equation (3.23). Furthermore, it is not a field which
appears in the bulk theory, and has no supersymmetry transformation, leaving us unable
to test the supersymmetry of the boundary action. Thus, we shall remove n∂0t. However,
doing so will break the classical U(1)N−1 symmetry of our GNLSM at the boundaries.
Now, this U(1)N−1 gauge symmetry is not broken if we only require that it holds at the
path integral level. Nevertheless, attempting to restore the classical symmetry will help
make the geometric properties of the brane obvious.
23Note that, from the local parametrizations (3.24) and (3.26), we can see that the U(1)N−1 gauge
transformation of t is δt = Q˜Ncα, since we know that the U(1)
N−1 charge of Zi is Q˜1c − Q˜Nc.
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The cure to this broken symmetry is via the supersymmetrized θ˜ terms, as follows.
Setting θ˜c = 2πnQ˜Nc, we have
N−1∑
c
( θ˜c
2π
∫
Σ
F˜01cd
2x+
θ˜c
2π
∫
∂Σ
(σ˜c + σ˜c)
2
dx0
)
=
N−1∑
c
(
− nQ˜Nc
∫
∂Σ
A˜0cdx
0 + nQ˜Nc
∫
∂Σ
(σ˜c + σ˜c)
2
dx0
)
=
N−1∑
c
(
− inQ˜Nc
∫
∂Σ
A˜cdx0
)
(4.40)
since both n and the charge Q˜Nc are integers, as explained below (4.14). Then, the final
boundary action takes the form
S′∂Σ =
∫
∂Σ
dx0
{
AXj ∂0X
j +AX ∂0X
 −
N−1∑
c
iR˜cA˜c − i
2
FX
jk
(ψj+ + ψ
j
−)(ψ
k
+ + ψ
k
−)
}
,
(4.41)
where24
R˜c =
−n(∑N−1i (Q˜ic − Q˜Nc)|Zi|2)
(1 +
∑N−1
k |Zk|2)
= −AXi e˜ic −AX e˜

c
= −ιe˜cAX .
(4.42)
Invariance of the boundary action (4.41) under the B-type supersymmetry transformations
(given by (2.31) and (2.32) for ǫ+ = −ǫ−) holds since
dR˜ = ιe˜F
X . (4.43)
This is known as the the equivariant Bianchi identity, and implies that the line bundle
OCPN−1(−n) has U(1)N−1-equivariant structure,25 for which R˜c is the moment [20, 21].26
The equivariant Bianchi identity is in fact a restatement of the U(1)N−1-invariance of
the connection,
Le˜AX = 0, (4.44)
24 The boundary conditions (4.35) and the boundary action (4.41) result in equations of motion which
are modified by boundary terms, for some of the fields.
25The G-equivariant Bianchi identity is equivalent to the G-invariance of the connection, A, of the
bundle (equation (4.44)), which implies that the covariant derivative d+A is G-invariant, and this defines
a G-equivariant bundle, see [21], Section 3.2.
26For equivariant bundles with abelian connection, the equivariant Bianchi identity takes the same form
as the moment map equation (2.16). For the present case of OCPN−1(−n), it is in fact proportional; the
curvature is F = nω, which means that R˜ = nµ˜, where µ˜ is the normalized moment map of the U(1)N−1-
isometry of CPN−1 (the discrepancy with (3.30) is because the moment map for an abelian G-action is only
defined up to the addition of a constant, as explained below equation (2.17)).
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Now, rewriting the boundary action (4.41) as
S′∂Σ =
∫
∂Σ
dx0
{
AXj ∂
A
0 X
j +AX ∂
A
0 X

+
N−1∑
c
R˜c
(σ˜c + σ˜c)
2
− i
2
FX
jk
(ψj+ + ψ
j
−)(ψ
k
+ + ψ
k
−)
}
(4.45)
facilitates the proof that it is invariant under the gauge transformations given in (2.26)
and (2.27) for G = U(1)N−1. The variation is
δS′∂Σ
=
N−1∑
a
αa
∫
∂Σ
dx0
{
Le˜aAXj ∂A0 Xj + Le˜aAX ∂A0 X +
N−1∑
c
ιe˜adR˜c
(σ˜c + σ˜c)
2
− i
2
Le˜aFXjk (ψ
j
+ + ψ
j
−)(ψ
k
+ + ψ
k
−)
}
,
(4.46)
which vanishes using (4.44), as well as the identities Le˜FX = 0 and Le˜R˜ = ιe˜dR˜ = 0.
It may seem that we have picked a random value for θ˜c in the derivation above. If we
only required U(1)N−1 gauge invariance of the path integral, then we would have been free
to choose θ˜c = 2πmc for any integer mc, and we would still derive a boundary action which
is B-type supersymmetry invariant, as well as gauge invariant mod 2πZ. This freedom is
merely a reflection of the fact that the moment in the equivariant Bianchi identity (4.43)
is only defined up to a constant.
We have thus found B-type supersymmetric and U(1)N−1 gauge invariant bound-
ary conditions and boundary interactions corresponding to an equivariant B-brane in
CPN−1, which is a space-filling brane supporting the holomorphic line bundle OCPN−1(−n)
with U(1)N−1-equivariant structure. We may follow a procedure analogous to that pre-
sented above for CPN−1 in order to describe an equivariant B-brane in a toric manifold
X = CN//U(1) (by choosing different values for Qˆi), which would be a space-filling brane
supporting the holomorphic line bundle OX(−n) with U(1)N−1-equivariant structure.
The GNLSM boundary action (4.41) that we have derived from the GLSM expressions
(4.31) and (4.32) is a special case of the more general boundary Wilson line found by
Kapustin et al. [14, 15], using a B-twisted topological nonabelian GNLSM, with gauge
group G and target space X, i.e., a gauged B-model. When the worldsheet is the Euclidean
strip I × R, this Wilson line takes the form of the path integral insertion
W = STr(P (eiN )) (4.47)
with
N =
∫
∂Σ
dx2
{
AXj ∂2X
j +AX ∂2X
 −
dim g∑
c
R˜cA˜2c − 1
2
FX
jk
(ψj+ + ψ
j
−)2(ψ
k
+ + ψ
k
−)s +
1
2
(ψj+ + ψ
j
−)2∇Ej T
}
,
(4.48)
where x2 is the direction along the boundaries,
A˜2c = A˜2c + i(σ˜c + σ˜c)2
2
, (4.49)
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is a complexified gauge field valued in GC, and where quantities with subscript ‘2’ are
components of one-forms along the boundaries, while the quantity with subscript ‘s’ is
a scalar. Here, A is the superconnection of a graded G-equivariant holomorphic vector
bundle, E, with the covariant derivative ∇E = d + A; while T is a holomorphic degree-1
endomorphism T : E → E, which satisfies T 2 = 0. The holomorphic transition functions
of E are valued in a structure supergroup. Moreover, A, F , R˜, and T are valued in the Lie
superalgebra of this structure supergroup, and obey the equivariant Bianchi identity
∇ER˜ = ιe˜FX , (4.50)
as well as the identity
e˜i∇Ei T + [R˜, T ] = 0. (4.51)
The expression (4.48) agrees with our result (4.41) when we take E to be an ungraded
holomorphic line bundle with U(1) structure group. To see this, we need to analytically
continue the Minkowski strip to Euclidean signature (x0 = −ix2) and B-twist the fields
in (4.41). Then, the expression (4.38) becomes the complexified gauge field (4.49), and
the fermionic fields become scalars or one-forms along the boundaries. Finally, we note
that the ∇Ej T term in (4.48) does not occur in (4.41) since an ungraded bundle does not
admit a degree-1 endomorphism; hence, T = 0. As explained by Kapustin et al. [14, 15],
in some cases, the category of branes defined by (4.48) is equivalent to DbGC(Coh(X)), the
bounded, derived category of GC-equivariant coherent sheaves on the target space, X. This
occurs if X has a G-resolution property, i.e., any G-equivariant coherent sheaf on X has
a G-equivariant resolution by G-equivariant holomorphic vector bundles. This property,
however, does not hold for general complex manifolds. Nevertheless, even for such spaces
where it does not hold, it is believed that the full category of equivariant B-branes is
still DbGC(Coh(X)), where the GNLSMs for these spaces require more general boundary
actions corresponding to differential graded (DG) modules over the Dolbeault DG-algebra
of X, instead of holomorphic bundles [14, 15]. In our construction, we have found abelian
equivariant B-branes which wrap toric manifolds given by the quotient X = CN//U(1),
and which support the U(1)N−1-equivariant holomorphic line bundle OX(−n). In the
language of algebraic geometry, OX(−n) is a locally-free sheaf of rank 1, and is in fact
one of the simplest objects of Db(Coh(X)) ([19], page 56). The additional U(1)N−1-
equivariant structure then implies that the equivariant B-branes we have found are objects
in Db
(C×)N−1(Coh(X)), the bounded, derived category of (C
×)N−1-equivariant coherent
sheaves on X.27 Of course, we have not constructed all the objects in the category.
In particular, we have not constructed non-space-filling equivariant B-branes. The
latter, i.e., equivariant B-branes of lower dimension, should exist, in analogy with the
NLSM case (see footnote 18), although we shall not attempt to derive them from GLSMs
here. The path to doing so is via Hori’s construction of non-space-filling ordinary B-branes
from GLSMs [11]. Using the same GLSM used there, but with gauge group generalized to
U(1)N , we should be able to derive the relevant GNLSM boundary action and boundary
conditions, as we have done for space-filling equivariant B-branes in this section.
27The algebraic torus (C×)N−1 is the complexification of U(1)N−1.
– 32 –
4.2 Equivariant B-branes on CN//U(1)N−k from GLSM
The prior discussion can be generalized to the case of general Ka¨hler toric manifolds, i.e.,
X = CN//U(1)N−k . We impose the B-type supersymmetric boundary conditions (4.27)
and (4.28) on the GLSM (for N − k > 1), which include the purely Neumann boundary
conditions on φi, while also supersymmetrizing the GLSM theta terms
N−k∑
b
( θˆb
2π
∫
Σ
Fˆ01bd
2x+
θˆb
2π
∫
∂Σ
(σˆb + σˆb)
2
dx0
)
+
k∑
c
( θ˜c
2π
∫
Σ
F˜01cd
2x+
θ˜c
2π
∫
∂Σ
(σ˜c + σ˜c)
2
dx0
)
.
(4.52)
This preserves B-type supersymmetry at the boundaries. In addition, the B-type super-
symmetric GLSM boundary action needed is
S∂Σ =
θ′
4πr′
∫
∂Σ
dx0
N∑
i
(
iD0φi φi−iφiD0φi+(ψ+i+ψ−i)(ψ+i+ψ−i)−
N∑
a
Qia(σa+σa)|φi|2
)
,
(4.53)
where θ′ = 2πn′ (n′ ∈ Z) and r′ ∈ R. In addition, we ought to set θˆb = 2πnˆb, where nˆb ∈ Z,
and we need to impose the condition
θ′
r′
=
θˆb
rˆb
(4.54)
for all values of b.
This allows us to write (4.53) and (4.52) as
S′∂Σ =
n′
2r′
∫
∂Σ
dx0
( N∑
i
(i∂0φi φi − iφi∂0φi) +
N∑
i
(ψ+i + ψ−i)(ψ+i + ψ−i)
+ 2
N−k∑
b
Aˆ0b(
N∑
i
Qˆib|φi|2 − rˆb)−
N−k∑
b
(σˆb + σˆb)(
N∑
i
Qˆib|φi|2 − rˆb)
+ 2
k∑
c
A˜0c
N∑
i
Q˜ic|φi|2 −
k∑
c
(σ˜c + σ˜c)
N∑
i
Q˜ic|φi|2
)
+
k∑
c
( θ˜c
2π
∫
Σ
F˜01cd
2x+
θ˜c
2π
∫
∂Σ
(σ˜c + σ˜c)
2
dx0
)
(4.55)
Taking the eˆb → ∞ limit allows us to integrate Dˆb out of the action, which imposes
the constraints (3.17), and the second line in (4.55) vanishes. Integrating out the other
components of the vector multiplets, Vˆb, then imposes (3.16) on the entire action, as well
(3.14) and (3.15) on the bulk action. Then, to find the explicit boundary action, one needs
to use parametrizations which satisfy (3.16) and (3.17). The explicit boundary conditions
are also found using these parametrizations, together with (3.14) and (3.15).
We would then be able to identify the first term in (4.55) as the Hermitian connection of
the holomorphic line bundle O(k1, . . . , kN−k) over CN//U(1)N−k , where k1, . . . , kN−k ∈ Z
would be integers related to nˆ1, . . . , nˆN−k. Both supersymmetry invariance and gauge
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invariance under the residual U(1)k gauge symmetry of the GNLSM would then require that
this line bundle has U(1)k-equivariant structure. Moreover, we would be able to identify the
equivariant B-branes we have found as objects in Db
(C×)k(Coh(X)), the bounded, derived
category of (C×)k-equivariant coherent sheaves on X.
The simplest example would be that of the U(1)2-equivariant holomorphic line bundle
OX(−nˆ1,−nˆ2) over X = CP 1×CP 1, which just corresponds to two copies of the boundary
action given in (4.41), with N = 2.28 One can even consider equivariant B-branes on
fibrations of CP 1 over CP 1 known as Hirzebruch surfaces, using GLSMs with appropriately
charged scalar fields [7]. It is worth noting that the derived categories of C×-equivariant
coherent sheaves over CP 1, Hirzebruch surfaces, CP 1 fibered over Hirzebruch surfaces etc.
provide a construction of Khovanov homology [22].
4.3 Alternative Formulation
We shall now derive the alternative formulation of abelian equivariant B-branes, in terms
of a boundary action which generalizes (4.5), as well as the relevant boundary conditions.
Let us first recall the derivation of the NLSM boundary action (4.5) for a space-filling
B-brane on X = CN//U(1) [10]. The U(1)-GLSM boundary action from which (4.5) can
be derived is
S∂Σ =
θˆ
4πrˆ
∫
∂Σ
dx0
N∑
i
(
iDˆ0φi φi − iφiDˆ0φi
)
. (4.56)
To preserve B-type supersymmetry at the boundaries, we must impose [10]
e−iγˆDˆ+Φi = eiγˆDˆ−Φi
eiγˆΣˆ = e−iγˆΣˆ
(4.57)
at B-boundary, where Dˆ± = e−QˆiVˆD±eQˆiVˆ , and where γˆ is the phase of tˆ = rˆ− iθˆ = |tˆ|eiγˆ .
In components, these are
e−iγˆψ+i − eiγˆψ−i = 0
Fi = 0
cos(γˆ)Dˆ1φi − isin(γˆ)Dˆ0φi = 0
cos(γˆ)Dˆ1(ψ+i + ψ−i)− isin(γˆ)Dˆ0(ψ+i + ψ−i)− cos(γˆ)(λˆ+ + λˆ−)φi = 0
(4.58)
and
Im(eiγˆ σˆ) = 0
e−iγˆλˆ+ + e
iγˆλˆ− = 0
∂1Re(e
iγˆ σˆ) + cos(γˆ)Fˆ01 − sin(γˆ)Dˆ = 0
(4.59)
which includes the mixed Dirichlet-Neumann boundary condition on the scalar fields φi.
These conditions are not sufficient for B-type supersymmetry of the GLSM action at the
28In fact, for toric manifolds which are Cartesian products like X = CP 1×CP 1, the complete decoupling
of the two boundary actions means that we no longer need the constraint (4.54).
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boundaries, and in addition, we must impose the boundary condition
Fˆ01
eˆ2
= −θˆ + θˆ
∑N
i Qˆi|φi|2
rˆ
, (4.60)
as well as integrate Dˆ out of the action to obtain its algebraic equation of motion
Dˆ
eˆ2
= rˆ −
N∑
i
Qˆi|φi|2, (4.61)
which holds on the entire worldsheet.29 Note that the B-type supersymmetry transforma-
tions of (4.60) further implies the boundary conditions
i
2eˆ2
(
(∂0 − ∂1)λ+ + (∂0 + ∂1)λ−
)
=
θˆ
rˆ
N∑
i
Qˆi(ψ−i + ψ+i)φi,
1
eˆ2
(
∂1(Dˆ + ∂1Im(σˆ)) + ∂0(iFˆ01 − ∂0Im(σˆ))
)
=
θˆ
rˆ
N∑
i
Qˆi
(
2iD0φiφi + 2Re(σˆ)Qˆi|φi|2
− (ψ+i + ψ−i)(ψ+i + ψ−i)
)
.
(4.62)
Unlike the formulation presented earlier, the boundary conditions given above ensure the
locality of the equations of motion derived from the (bulk+boundary) action.
Converting the theta term to a boundary term as in (4.14), with θˆ = 2πn, the complete
boundary action is
S′∂Σ =
n
2rˆ
∫
∂Σ
dx0
( N∑
i
(i∂0φi φi − iφi∂0φi) + 2Aˆ0(
N∑
i
Qˆi|φi|2 − rˆ)
)
. (4.63)
The term proportional to Aˆ0 vanishes in the eˆ → ∞ limit, whereby (4.17) is strictly
imposed via (4.61), and the remaining term is just the hermitian connection (4.20) of the
holomorphic line bundle OX(−n) on the toric manifold X = CN//U(1), and therefore we
obtain (4.5) for a space-filling B-brane. Integrating out the rest of the vector multiplet
components imposes additional constraints which only affect the bulk action but not the
boundary action. These constraints, together with the appropriate parametrizations for φi
and ψi, are useful for finding the corresponding NLSM boundary conditions.
Now, to derive the boundary action for a GNLSM with X = CN//U(1), we start with
the U(1)N -GLSM boundary action
S∂Σ =
θˆ
4πrˆ
∫
∂Σ
dx0
N∑
i
(
iD0φi φi − iφiD0φi
)
, (4.64)
where the covariant derivatives of the scalar fields are given by (3.13). B-type supersym-
metry invariance of the U(1)N -GLSM at the boundaries of the worldsheet firstly requires
that we impose
e−iγˆD+Φi = eiγˆD−Φi (4.65)
29The constraints (4.60) and (4.61) result in the third equation of (4.59) becoming ∂1Re(e
iγˆσˆ) = 0.
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eiγaΣa = e
−iγaΣa (4.66)
at B-boundary, where D± = e−
∑N
a QiaVaD±e
∑N
a QiaVa , while γˆ and γa are the phases of
tˆ = |tˆ|eiγˆ and ta = |ta|eiγa respectively. Secondly , we also ought to impose
θˆ
rˆ
=
θa
ra
, (4.67)
and
γˆ = γa. (4.68)
Then, in components, (4.65) and (4.66) become
e−iγˆψ+i − eiγˆψ−i = 0
Fi = 0
cos(γˆ)D1φi − isin(γˆ)D0φi = 0
cos(γˆ)D1(ψ+i + ψ−i)− isin(γˆ)D0(ψ+i + ψ−i)− cos(γˆ)
N∑
a
Qia(λ+a + λ−a)φi = 0
(4.69)
and
Im(eiγˆσa) = 0
e−iγˆλ+a + e
iγˆλ−a = 0
∂1Re(e
iγˆσa) + cos(γˆ)F01a − sin(γˆ)Da = 0
(4.70)
which includes the mixed Dirichlet-Neumann boundary condition on the scalar fields φi.
Finally, for complete boundary B-type supersymmetry invariance, we must impose the
boundary condition
F01a
e2a
= −θa + θˆ
∑N
i Qia|φi|2
rˆ
, (4.71)
as well as integrate Da out of the action to obtain its algebraic equation of motion
Da
e2a
= ra −
N∑
i
Qia|φi|2, (4.72)
which holds on the entire worldsheet.30 The condition (4.71) further implies two more
boundary conditions via B-type supersymmetry. As expected, all the boundary conditions
above ensure the locality of the equations of motion derived from the action.
Now, setting θˆ = 2πn, the relevant action which consists of (4.64) together with the
theta terms is
S′∂Σ =
n
2rˆ
∫
∂Σ
dx0
( N∑
i
(i∂0φi φi − iφi∂0φi) + 2Aˆ0(
N∑
i
Qˆi|φi|2 − rˆ)
+ 2
N−1∑
c
A˜0c
N∑
i
Q˜ic|φi|2
)
+
N−1∑
c
( θ˜c
2π
∫
Σ
F˜01cd
2x
)
.
(4.73)
30The constraints (4.68), (4.71) and (4.72) result in the third equation of (4.70) becoming ∂1Re(e
iγˆσa) =
0.
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The term proportional to Aˆ0 vanishes in the eˆ→∞ limit using the equation of motion for
Dˆ given in (4.72), while the constraints that arise from subsequently integrating out the
rest of the vector multiplet Vˆ do not affect the boundary action. For X = CPN−1, we can
use the parametrizations (3.24), and (4.73) becomes
S′∂Σ =
∫
∂Σ
dx0
{
AXj ∂0X
j +AX ∂0X
 −
N−1∑
c
iRcA˜c + n∂0t
}
+
N−1∑
c
( θ˜c
2π
∫
Σ
F˜01cd
2x
)
,
(4.74)
with AI given in (4.24), and Rc given in (4.39). Then, gauging away the n∂0t term, and
setting θ˜c = 2πnQ˜Nc, we arrive at the boundary action
S′∂Σ =
∫
∂Σ
dx0
{
AXj ∂0X
j +AX ∂0X
 −
N−1∑
c
iR˜cA˜c
}
, (4.75)
where R˜c is the moment given by (4.42). The boundary action can be rewritten concisely
as
S′∂Σ =
∫
∂Σ
dx0
{
AXj ∂
A
0 X
j +AX ∂
A
0 X

}
, (4.76)
and gauge invariance follows since (4.44) is obeyed, which implies that the line bundle
OCPN−1(−n) supported by the equivariant B-brane has U(1)N−1-equivariant structure.
The boundary conditions for the GNLSM with CPN−1 target can similarly be found;
for the U(1)N−1 vector multiplets, the boundary conditions follow from (4.70) and (4.71),
while for the matter fields, the boundary conditions are
gi(ψ
Zi
− − ψZ
i
+ ) + 2πF
X
i (ψ
Zi
+ + ψ
Zi
− ) = 0
gi∂
A
1 Z
i − 2πFXi ∂A0 Zi = 0,
(4.77)
and their B-type supersymmetric completions, where g is the Fubini-Study metric and F
is the curvature of OCPN−1(−n) given in (4.25).
An alternative formulation also exists for U(1)k-GNLSMs with X = CN//U(1)N−k ,
i.e., general Ka¨hler toric manifolds. The boundary action for the U(1)N−k ×U(1)k GLSM
is
S∂Σ =
θ′
4πr′
∫
∂Σ
dx0
N∑
i
(
iD0φi φi − iφiD0φi
)
, (4.78)
where θ′ = 2πn′ (n′ ∈ Z) and r′ ∈ R, together with the theta terms
N−k∑
b
( θˆb
2π
∫
Σ
Fˆ01bd
2x
)
+
k∑
c
( θ˜c
2π
∫
Σ
F˜01cd
2x
)
. (4.79)
Setting
θ′
r′
=
θˆb
rˆb
=
θ˜c
r˜c
, (4.80)
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and
γ′ = γˆb = γ˜c, (4.81)
the relevant boundary conditions are (4.69), (4.70) and (4.71), with θˆrˆ replaced by
θ′
r′ and
γˆ replaced by γ′. In addition, the Da equation of motion is also necessary for complete
B-type supersymmetry at the boundaries.
By taking the eˆb → ∞ limit and repeating the familiar procedure, we can obtain the
GNLSM boundary action which includes the Hermitian connection of a U(1)k-equivariant
holomorphic line bundle over CN//U(1)N−k , as well as the relevant GNLSM boundary
conditions.
An important advantage of the alternative formulation of equivariant B-branes over
the first one is that because of the constraints (4.67) and (4.80), the form of the GLSM
boundary action does not depend on which gauge symmetries we are breaking to obtain
the GNLSM. This implies the equivalence of equivariant B-branes in different toric targets
of GNLSMs obtained from a single GLSM. In order to ensure that the first formulation
also does not depend on which gauge symmetries we are breaking, we can impose the same
constraints for it.
4.4 Quantum Corrections
We have heretofore analyzed the boundary conditions of the classical U(1)N−k × U(1)k
GLSM, and the respective GNLSM limits of these conditions, in two equivalent formula-
tions. We shall now investigate quantum effects for the alternative formulation of equiv-
ariant B-branes given in Section 4.3,31 since we shall use this formulation for the proof of
mirror symmetry in the following section.32
There are two quantum effects of the U(1)N−k × U(1)k GLSM with ∑Ni=1Qia 6= 0
which are important. The first of these is the running of the FI parameters
r0a = ra(µ) +
N∑
i=1
Qia log
(ΛUV
µ
)
, (4.82)
where r0a denotes bare parameters, ΛUV is an ultraviolet cut-off, and µ is a finite energy
scale. By integrating the beta functions of the FI parameters, βa = µ
dra
dµ , the µ-dependence
is found to be
ra(µ) =
N∑
i=1
Qialog
(
µ
Λ
)
, (4.83)
where Λ is the renormalization group invariant dynamical scale. The running of ra implies
that the phase, eiγa = ta/|ta|, which appears in the boundary conditions we have used,
changes with the renormalization group flow. The second quantum effect is the anomaly
of the U(1) axial R-symmetry, whereby axial R-rotations ψ±i → e±iβ/2ψ±i, σa → e−iβσa
31We shall not study the quantum effects for the first formulation, since the main quantum correction
is the running of the FI parameters, and the FI parameters do not enter the boundary conditions in that
formalism.
32The following is a generalization of the analysis given in Section 6 of [10] to the case of multiple U(1)
gauge groups.
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and λ±a → e±iβ/2λ±a no longer leave the action invariant, but result in a shift of the theta
angles, i.e.,
θa → θa +
N∑
i=1
Qiaβ. (4.84)
These effects should be apparent in a quantum effective description, whereby the lowest
components σa of the superfields Σa are chosen to be slowly varying and to be large
compared to the energy scale µ at which we look at the effective theory. This imparts large
masses to the charged matter superfields Φi, which can then be integrated out as long as we
are studying the theory at some finite energy scale µ. From a path integral computation
[7], the superpotential of the effective action, which corresponds to a Landau-Ginzburg
model,33 is
W˜(eff) = −
N∑
a=1
[
N∑
i
Qia
(
log
(∑N
a′ Qia′Σa′
µ
)
− 1
)]
Σa −
N∑
a=1
ta(µ)Σa, (4.85)
wherefrom the effective FI-Theta parameter
t(eff)a = ta(µ) +
N∑
i
Qia
(
log
(∑N
a′ Qia′Σa′
µ
))
, (4.86)
is obtained. Now, by performing an ordinary axial R-rotation Σa → e−iβΣa in (4.86), we
can retrieve the shift (4.84).
Now, it is known from [10] that a D-brane which preserves the B-type supercharges
QB = Q+ +Q− and Q
†
B = Q+ +Q− is a Lagrangian submanifold of the space C
N defined
by the fields σa. In addition, this D-brane ought to be the preimage of a horizontal straight
line in the W˜(eff)-plane, i.e., Im
(
W˜(eff)(σ)
)
= constant. If we were to solve these constraints
in terms of σa, then we will obtain the quantum corrected boundary condition for σa. In
general, these constraints are difficult to solve. However, when the parameters θa = 0, then
there is the solution σa = |σa|, which satisfies Im(σa) = 0 and Im
(
W˜(eff)(σ)
)
= 0.
In order to obtain a less trivial solution, we can perform an axial R-rotation, which
includes the shift of θa = 0 to θa =
∑N
i=1Qiaβ, due to the aforementioned anomaly. Then,
we obtain the solution σa = e
iβ |σa|, which satisfies Im(e−iβσa) = 0 and the straight line
equation Im
(
e−iβW˜(eff)(σ)
)
= 0. These conditions are compatible with the constraints of
the B-type supercharges
QB = Q+ + e
iβQ− (4.87)
and Q†B = Q+ + e
−iβQ− found in [10], i.e., the D-brane ought to be a Lagrangian sub-
manifold of the field space CN , and it ought to be the preimage of a straight line in the
W˜(eff)-plane with slope tan(β), i.e., Im
(
e−iβW˜(eff)(σ)
)
= constant.
Hence, we find that there is a family of explicit solutions which include
σa = e
iβ |σa|,
eiβ/2λ+a + e
−iβ/2λ−a = 0,
e−iβ/2λ+a + e
iβ/2λ−a = 0,
at ∂Σ, (4.88)
33To be precise, the theory involves a gauge field, whose only effect is a vacuum energy [7].
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parametrized by β = θa/
∑N
i=1Qia,34 which preserve the B-type supercharges QB = Q+ +
eiβQ− and Q
†
B = Q+ + e
−iβQ−. Other solutions, including those with β 6= θa/
∑N
i=1Qia,
should exist, but in these cases the quantum corrections are non-trivial, and therefore they
are difficult to determine, and we shall not consider them.
Now, note that we have β = θa/
∑N
i=1Qia for all a = 1, . . . , N . Using (4.82) and
(4.83), we have r0 =
∑N
i=1Qia log
(
ΛUV
Λ
)
, which implies
θa
r0a
=
∑N
i=1Qiaβ∑N
i=1Qia log
(
ΛUV
Λ
) = β
log
(
ΛUV
Λ
) , (4.89)
i.e., we find that θa/r0a are equal for all values of a.
35 This agrees with the constraints
(4.67) and (4.80). In other words, we find that these constraints, which we previously
imposed by hand at the classical level, emerge naturally as a result of quantum effects.
4.5 Mirrors of Equivariant B-branes
In this section, we shall use the alternative formulation for equivariant B-branes, given in
Section 4.3, to derive the Landau-Ginzburg mirrors of equivariant B-branes, following the
exposition in Section 3, as well as the results of [10]. We shall assume in the following that
b1a =
N∑
i
Qia > 0. (4.90)
In particular, bˆ1b =
∑N
i Qˆib > 0 implies that we are studying the mirrors of GNLSMs with
Fano target spaces.
Let us start with the mirrors of equivariant B-branes on Fano manifolds of the form
X = CN//U(1). We focus on the family of boundary conditions (4.88). The corresponding
boundary conditions of the matter fields include
cos(γˆ0)D1φi − i sin(γˆ0)D0φi = 0,
e−iγˆ0+iβ/2ψ+i = e
iγˆ0−iβ/2ψ−i,
eiγˆ0−iβ/2ψ+i = e
−iγˆ0+iβ/2ψ−i,
(4.91)
where the axial R-rotations on the fermionic fields have been taken into account. These
boundary conditions preserve the B-type supercharge QB = Q++e
iβQ− and its conjugate.
Now, in the continuum limit ΛUV → ∞ whereby rˆ0 = bˆ1log(ΛUV/Λ) → ∞, we have
γˆ0 → 0. As a result, the mixed Dirichlet-Neumann boundary conditions on φi reduce to
pure Neumann boundary conditions.
34σa = e
iβ |σa| implies the boundary condition Im(e
−iβσa) = 0.
35Na¨ıvely, it may seem that the boundary action (4.64) vanishes in the continuum limit (ΛUV → ∞)
due to (4.89). However, this is not the case, at least for
∑N
i=1Qia > 0, as we shall see in the next section.
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With these facts in mind, let us shift our attention to the boundary action
S∂Σ =
θˆ
4πrˆ0
∫
∂Σ
N∑
i=1
(
iD0φi φi − iφiD0φi
)
dx0
=
θˆ
2πrˆ0
∫
∂Σ
N∑
i=1
|φi|2(∂0ϕi +
N∑
a
QiaA0a) dx0.
(4.92)
Now, by integrating over the modes of φi in the frequency range µ ≤ |k| ≤ ΛUV in the
path integral, |φi|2 is replaced by 〈|φi|2〉 = log(ΛUV/µ). Since rˆ0/bˆ1 = log(ΛUV/µ) + rˆ/bˆ1,
taking the continuum limit ΛUV →∞ gives us |φi|2 ≈ rˆ0/bˆ1, which implies that
S∂Σ =
θˆ
2π
∫
∂Σ
(
1
bˆ1
N∑
i=1
∂0ϕi + Aˆ0 +
N−1∑
c
b˜1c
bˆ1
A˜0c
)
dx0. (4.93)
The relevant portion of the action with regard to the dualization of mirror symmetry
is then
Sϕ =
1
2π
∫
Σ
N∑
i=1
rˆ0
bˆ1
|dϕi +
N∑
a
QiaAa|2 − iθˆ
2π
∫
∂Σ
( 1
bˆ1
N∑
i=1
dϕi + Aˆ+
N−1∑
c
b˜1c
bˆ1
A˜c
)
, (4.94)
where we have considered Euclidean signature on the worldsheet for simplicity,36 and where
the terms with fermionic fields which are not essential in the present analysis have been
ignored. Let us consider another action with one-form fields Bi = Biµdxµ given by
S′ =
N∑
i=1
 bˆ1
8πrˆ0
∫
Σ
Bi ∧ ∗Bi + i
2π
∫
Σ
Bi ∧ (dϕi +
N∑
a
QiaAa)

− iθˆ
2π
∫
∂Σ
( 1
bˆ1
N∑
i=1
dϕi + Aˆ+
N−1∑
c
b˜1c
bˆ1
A˜c
)
.
(4.95)
The one-form fields Bi have the boundary condition
Bi|∂Σ = 0, (4.96)
i.e., their inner products with tangent vectors of the boundaries vanish. If we were to first
integrate out Bi, the constraint Bi = i2(rˆ0/bˆ1)∗(dϕi+
∑N
a QiaAa) is obtained (whereby the
boundary condition (4.96) is consistent with the boundary condition D1φi = 0 obtained in
the continuum limit) and the original action (4.94) is obtained. Alternatively, if we were
to first integrate out ϕi, the constraint
Bi = dϑi (4.97)
36In the following derivation, we use the notation |A|2 = A ∧ ⋆A.
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is obtained, where the fields ϑi are periodic with period 2π.
37 The boundary conditions
(4.96) then imply that ϑi are constants at the boundaries of the worldsheet. The boundary
terms containing ∂2(δϕi) obtained when integrating out ϕi cancel if these constants are
ϑi = θˆ/bˆ1 at ∂Σ, (4.98)
for all i, where θˆ/bˆ1 = β = θa/b1a. Now, using the constraint (4.97) in (4.95), the mirror
action
Sϑ =
N∑
i=1
1
2π
 bˆ1
4rˆ0
∫
Σ
|dϑi|2 + i
∫
Σ
dϑi ∧ (
N∑
a
QiaAa)
 − iθˆ
2π
∫
∂Σ
(Aˆ+
N−1∑
c
b˜1c
bˆ1
A˜c)
=
N∑
i=1
1
2π
 bˆ1
4rˆ0
∫
Σ
|dϑi|2 − i
∫
Σ
N∑
a
QiaϑidAa

+
i
2π
∫
∂Σ
[( N∑
i=1
Qˆiϑi − θˆ
)
Aˆ+
N−1∑
c
(
N∑
i=1
Q˜icϑi − b˜1c
bˆ1
θˆ)A˜c
]
,
(4.99)
is obtained. Finally, the boundary term in this action vanishes when we use the boundary
condition (4.98), and the dualization process ends with only a bulk action.
In particular, the relationship (reviewed in Section 3) between the fields of the mirror
theories, i.e.,
Yi + Y i = 2Φie
∑N
a QiaVaΦi, (4.100)
holds, and we have the following relationships between superfield components:
yi = ̺i − iϑi,
{
̺i = |φi|2,
∂±ϑi = ±2
(
−|φi|2(∂±ϕi +
∑N
a QiaA±a) + ψ±iψ±i
)
,
χi+ = 2ψ+iφi, χi− = −2ψ−iφi,
χ+i = 2φiψ+i, χ−i = −2φiψ−i,
Ei = −2ψ−iψ+i − 2|φi|2
∑
a
Qiaσa,
(4.101)
where ∂± = ∂0 ± ∂1, Yi = yi + θ+χ+i + θ−χ−i + θ+θ−Ei. The relationship between the
periodic fields ϑi and ϕi is in fact evidence that mirror symmetry of the two theories stems
from T-duality on the phase of the charged chiral superfields Φi, whereby the neutral
twisted chiral superfields Yi are periodic, i.e., Yi ≡ Yi + 2πi [7].
Furthermore, the Ka¨hler metric of the target space of the mirror Landau-Ginzburg
sigma model is given by
ds2 =
bˆ1
4rˆ0
N∑
i=1
((d̺i)
2 + (dϑi)
2), (4.102)
37For details on why ϑi ought to be periodic, see ([7], page 250).
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which is the flat cylinder metric on (C×)N . As in Section 3, taking the eˆ→∞ limit allows
us to integrate Σˆ out of the action, and imposes the constraint
N∑
j
QˆjYj − tˆ = 0, (4.103)
giving us the gauged Landau-Ginzburg theory with holomorphic twisted superpotential
W˜ =
N−1∑
c
( N∑
j=1
Q˜jcYj − t˜c
)
Σ˜c +
N∑
j=1
e−Yj . (4.104)
We recall that the constraint (4.103) fixes the target space of the gauged Landau-Ginzburg
theory to be the algebraic torus (C×)N−1.
The boundary conditions (4.98) imply that e−yi have a common phase which is fixed.
In other words, the boundaries of the worldsheet are mapped by e−yi to a cycle γθˆ in
(C×)
N−1
which has N − 1 real dimensions. This cycle is given by
(e−y1 , . . . , e−yN ) = (e−̺1+iθˆ/b1 , . . . , e−̺N+iθˆ/b1), (4.105)
where ̺i are constrained by
∑N
i=1 Qˆi̺i = rˆ. In the continuum limit, the pure Neumann
boundary condition we obtain for φi from (4.91), implies the Neumann boundary condition
∂1̺i = 0 (4.106)
for the coordinates ̺i tangent to γθˆ. Using (4.101) and (4.91), we may also obtain boundary
conditions on the fermionic dual fields, which are
e−iβ/2χ+i + e
iβ/2χ−i = 0,
eiβ/2χ+i + e
−iβ/2χ−i = 0.
(4.107)
These boundary conditions correspond to a D-brane wrapped on the cycle γθˆ.
The cycle γθˆ is a Lagrangian submanifold of (C
×)N−1. The A-brane wrapping this La-
grangian submanifold is the mirror of the space-filling B-brane supporting the holomorphic
line bundle OX(−n) with U(1)N−1-equivariant structure, where X is a Fano toric manifold
of the form CN//U(1).
Let us investigate this A-brane further, by studying the image of the cycle γθˆ in the W˜ -
plane. In particular, we would like to find the mirror of the U(1)N−1-equivariant structure
on the B-brane. The twisted superpotential (4.104) can be rewritten as
W˜ = W˜equiv + W˜X , (4.108)
where the first and second term of (4.104) correspond respectively to the first and second
term of (4.108). The image of γθˆ in the W˜X-plane is
W˜X |∂Σ = eiβ
N∑
i=1
|e−yi |, (4.109)
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which is the mirror condition found in [10] when studying the mirrors of B-branes without
equivariant structure. In particular, it is a straight line which makes an angle β = θˆ/bˆ1
with respect to the real axis.
Shifting our focus to the boundary value of W˜equiv, we find that it is given by
W˜equiv|∂Σ =
N−1∑
c
Re(e−iβ σ˜c)e
iβ
( N∑
j
Q˜jc̺j − r˜c
)
=
N−1∑
c
Re(e−iβ σ˜c)Eqc(̺),
(4.110)
where we have used the boundary conditions ϑi = θˆ/bˆ1 = β and Im(e
−iβ σ˜c) = 0 as well as
the identity β = θ˜c/
∑N
i=1 Q˜ic. Here, Eqc is a complex-valued map
Eq : γθˆ → u(1)N−1, (4.111)
where u(1)N−1 is the Lie algebra of U(1)N−1. In particular, for a given value of c, γθ is
mapped to a straight line in the Eqc-plane, which makes an angle β with respect to the real
axis. Thus, this map Eq from the cycle γθˆ (on which the A-brane is wrapped) to u(1)
N−1
is the mirror of U(1)N−1-equivariant structure on the B-brane. In addition, we note that
the boundary value of the total twisted superpotential is
W˜ |∂Σ = eiβ
(
N∑
i=1
e−̺i +
N−1∑
c
Re(e−iβσ˜c)
( N∑
j
Q˜jc̺j − r˜c
))
, (4.112)
which is a map from Re(e−iβ σ˜c) and ̺i to a straight line in the W˜ -plane which makes an an-
gle β with respect to the real axis. Since we have set θˆ = 2πn earlier, and
∫
X c1(OX(−n)) =
−n, the slope of this straight line depends on the first Chern class of the holomorphic line
bundle OX(−n) supported by the B-brane.
The mirrors of equivariant B-branes on Fano toric manifolds of the formX = CN//U(1)N−k
can similarly be found using the above method. These mirror A-branes correspond to La-
grangian submanifolds (γθ′) of the cylinder (C
×)k which is defined by
N∑
j
QˆjbYj − tˆb = 0, (4.113)
with the additional data of the superpotential
W˜ =
k∑
c
( N∑
j=1
Q˜jcYj − t˜c
)
Σ˜c +
N∑
j=1
e−Yj . (4.114)
The first term on the right hand side of (4.114), when restricted to its boundary value,
contains the mirror data of equivariant structure on the holomorphic line bundle (which is
supported by the space-filling B-brane), which is a map
Eq : γθ′ → u(1)k. (4.115)
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4.6 Nonabelian Equivariant B-branes
Although Kapustin et al. [14] introduced the nonabelian equivariant B-brane boundary
Wilson line via a gauged B-model, the compatible boundary conditions were not derived
explicitly. This motivates us to derive boundary conditions corresponding to nonabelian
equivariant B-branes in our untwisted GNLSM. We shall use the insights obtained from
studying abelian equivariant B-branes to find the complete description of nonabelian equiv-
ariant B-branes. This will be achieved by generalizing the first formulation studied in this
section for abelian gauge groups (c.f. Sections 4.1-4.2) to nonabelian gauge groups. Note
that the GNLSM notation of Section 2 is used in this subsection. For simplicity, we shall
only consider the case where the B-field, C-field and θ-parameter of the GNLSM given in
(2.7) and (2.8) are zero.
We shall first investigate the boundary conditions required for B-type supersymmetry,
before proceeding to discuss the admissible boundary action. Now, note that all the terms
in δ(Sgauge + Sr) (equation (2.35)) vanish using the following boundary conditions
Im(σa) = 0,
λ+a + λ−a = 0,
∂1Re(σa) = 0,
A1a = 0,
∂1A0a = 0,
∂1(λ−a − λ+a) = 0,
∂1(Da + ∂1Im(σa)) = 0.
(4.116)
These conditions are a generalization of the conditions given in (4.35) for the example of
CPN−1, except that the boundary condition for F01a is replaced by the stricter conditions
A1a = 0 and ∂1A0a = 0, and the boundary condition for Re(σa) becomes ∂1Re(σa) = 0.
These stricter conditions are necessary since we now require that the boundary conditions
preserve the locality of the relevant equations of motion when no additional boundary action
is added, and because the supersymmetry transformations now contain nonabelian terms,
which causes B-type supersymmetry invariance of the set of boundary conditions to not
hold unless we use the stricter conditions on the gauge fields.38 The boundary conditions
in fact imply that gauge transformations have to be restricted such that the transformation
parameter αa has vanishing derivative with respect to x1 at the boundaries, in order for
these boundary conditions to be gauge invariant.
Next, we turn to the boundary conditions for the matter fields. Let us first consider
the N = 1 subalgebra of B-type supersymmetry, which corresponds to ǫ+ = iǫ˜, ǫ+ = −iǫ˜,
ǫ− = −iǫ˜ and ǫ− = iǫ˜, where ǫ˜ is a real parameter. In this case, after integrating out the
38If we relax the requirement of locality of equations of motion, then the boundary conditions on A0a
and Re(σa) become ∂1A0a = τa and ∂1Re(σa) = τa, where τ is a constant valued in the centre of g.
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auxiliary fields F i and F
ı
, we find that (2.34) is
δSmatter = − 1
2π
iǫ˜
2
∫
∂Σ
dx0{gIJ∂A0 φI(ψJ− − ψJ+) + gIJ∂A1 φI(ψJ− + ψJ+)
+ gIJ(ψ
I
+ − ψI−)Re(σa)e˜Ja + ωIJ(ψI+ + ψI−)Im(σa)e˜Ja},
(4.117)
where gIJX
IY J = gi(X
iY  + XY i) and ωIJX
IY J = igi(X
iY  − XY i), and where
(I, J,K, . . .) are indices corresponding to real coordinates on X. In addition, if we insist
on locality of the matter equations of motion, we require that
gIJδφ
I∂A1 φ
J = 0
gIJ(ψ
I
−δ∇ψ
J
− − ψI+δ∇ψJ+) = 0
(4.118)
at the boundaries, where δ∇ψ
J = δψJ + ΓJKLδφ
KψL. An equivariant B-brane shall wrap
a submanifold (denoted as γ) of X, to which a boundary of the worldsheet is mapped via
(φi, φ
ı
). Now, any allowed variation of φ (denoted δφI for the real coordinate φI) along
the boundary, and the derivative along the boundary, ∂0φ
I , ought to be tangent to γ. The
first constraint of (4.118) then implies that ∂1φ
J is normal to γ, since A1a = 0 at the
boundaries. Then, taking into account the facts that Im(σa) = 0 and A1a = 0 at the
boundaries, we find that (4.117) vanishes if ψI−−ψI+ and ψI−+ψI+ are respectively normal
and tangent to γ, and e˜Ia is tangent to γ, which implies that γ is G-invariant. In addition,
we note that ψI− − ψI+ being normal to γ and ψI− + ψI+ being tangent to γ implies that
ψI− − ψI+ = 0, I : tangent to γ,
ψI− + ψ
I
+ = 0, I : normal to γ,
(4.119)
(for a choice of coordinates which separates the normal and tangent directions) which
satisfies the second constraint of (4.118).
Next, the N = (2, 2) supersymmetry transformation of φI is
δφI = i(ǫ+2ψ
I
− − ǫ+1JIKψK− − ǫ−2ψI+ + ǫ−1JIKψK+ ), (4.120)
where ǫ+ = ǫ+1 + iǫ+2 and ǫ− = ǫ−1 + iǫ−2, and where J is the almost complex structure
of X locally given by J ik = iδ
i
k and J
ı
k
= −iδı
k
. B-type supersymmetry corresponds to
ǫ+1 = −ǫ−1 and ǫ+2 = −ǫ−2, whereby
δφI = i
(
ǫ+2(ψ
I
− + ψ
I
+)− ǫ+1JIK(ψK− + ψK+ )
)
. (4.121)
Hence, ψI− + ψ
I
+ and J
I
K(ψ
K
− + ψ
K
+ ) are tangent to γ, which implies that the application
of the almost complex structure, J , preserves the tangent space of γ. Therefore, γ is a
holomorphically embedded complex submanifold of X. This complex submanifold also
happens to be G-invariant, which we know from the previous paragraph.
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Indeed, (2.34) vanishes under this boundary condition; integrating out the auxiliary
fields F i and F
ı
, (2.34) can be rewritten (for ǫ+ = −ǫ− = ǫ) as
δSmatter =
1
2π
1
4
∫
∂Σ
dx0
{
ǫ
(
− g(∂A0 φ,ψ− − ψ+)− iω(∂A0 φ,ψ− − ψ+)
− g(∂A1 φ,ψ− + ψ+)− iω(∂A1 φ,ψ− + ψ+)
− Re(σa)g(e˜a, ψ+ − ψ−)− iRe(σa)ω(e˜a, ψ+ − ψ−)
− iIm(σa)g(e˜a, ψ+ + ψ−) + Im(σa)ω(e˜a, ψ+ + ψ−)
)
+ c.c.
}
(4.122)
(where g(X,Y ) = gIJX
IY J and ω(X,Y ) = ωIJX
IY J), which vanishes using Im(σa) = 0
and A1a = 0 as well as the conditions that ∂0φ
I , ψI− + ψ
I
+ and e˜
I
a are tangent to γ while
∂1φ
I and ψI− − ψI+ are normal to γ.39
We may add the B-type supersymmetric boundary action
S′∂Σ =
∫
∂Σ
dx0
{
AXm∂
A
0 φ
m +AXm∂
A
0 φ
m
+ R˜a
(σa + σa)
2
− i
2
FXmn(ψ
m
+ + ψ
m
− )(ψ
n
+ + ψ
n
−)
}
=
∫
∂Σ
dx0
{
AXm∂0φ
m +AXm∂0φ
m − iR˜aAa − i
2
FXmn(ψ
m
+ + ψ
m
− )(ψ
n
+ + ψ
n
−)
}
,
(4.123)
where we use (m,m,n, n) as coordinate indices on the B-branes, where the curvature of
AX satisfies FXmn = F
X
mn = 0, and where Aa = −i
(
A0a − (σa+σa)2
)
and
R˜a = −AXme˜ma −AXme˜
m
a
= −ιe˜aAX .
(4.124)
B-type supersymmetry invariance and gauge invariance of this action require the equivari-
ant Bianchi identity
dR˜ = ιe˜F
X , (4.125)
and this implies that each B-brane supports a G-equivariant holomorphic line bundle (c.f.
footnote 25), for which R˜a is the moment.
40 The inclusion of this boundary action results
in some of the equations of motion being modified by boundary terms. One may generalize
this even further (at least in the twisted case), as shown by Kapustin et al. [14] (c.f.
Section 4.1), by instead including a Wilson line which represents a G-equivariant graded
holomorphic vector bundle.
In conclusion, we find that in general,
Equivariant B-branes are G-invariant holomorphically embedded complex submanifolds of
X, which support G-equivariant holomorphic vector bundles (which may be graded).
As discussed in Section 4.1, at least in some cases, this implies that they are objects in the
bounded, derived category of GC-equivariant coherent sheaves on X.
39Recall that for a tangent vector, T , and normal vector, N , of a holomorphically embedded complex
submanifold, γ, of the Ka¨hler manifold X, we have ω(T,N) = g(JT,N) = 0.
40Note that gauge invariance of the boundary action requires the use of the identity αbLe˜b R˜a = [α, R˜]a.
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5 Equivariant A-branes and their Mirrors
In this section, we study the A-type supersymmetric boundary actions and boundary con-
ditions in abelian GNLSMs on I × R with toric target spaces, X, as well as their mirror
descriptions. These boundary actions and boundary conditions correspond to equivariant
A-branes wrapping submanifolds of X. Then, with the insights we find from analyzing
these abelian equivariant A-branes, we shall proceed to study equivariant A-branes for
nonabelian GNLSMs.
A-type supersymmetry is defined by the combination of supercharges given by (2.39).
In what follows, we shall set β = 0 for simplicity, though it is straightforward to study
the β 6= 0 generalization using the same techniques. In other words, we assume that the
supercharges conserved at the boundaries are
QA = Q+ +Q−, Q
†
A = Q+ +Q−. (5.1)
From (2.33), it can be seen that the corresponding relations among the supersymmetry
transformation parameters are
ǫ = ǫ+ = ǫ−
ǫ = ǫ+ = ǫ−.
(5.2)
We shall also make use of superfields when discussing boundary conditions and boundary
actions, and to this end, we shall make use of the concept of ‘boundaries’ in superspace [11].
For A-type supersymmetry, the relevant boundary in superspace is known as ‘A-boundary’,
and corresponds to
θ = θ+ = −θ−
θ = θ
+
= −θ−.
(5.3)
Let us first review what is known of ordinary A-branes. For N = (2, 2) NLSMs, the
boundary condition needed to preserve A-type supersymmetry at the boundaries maps
each boundary to a middle-dimensional Lagrangian submanifold of the target space [10].
With target space coordinates (XI) chosen appropriately, this is expressed as Dirichlet
boundary conditions on half of the fields XI with Neumann boundary conditions for the
rest. Here, we have used real coordinates for the Ka¨hler target space X. In addition, we
may include the following boundary action
S∂Σ =
∫
∂Σ
dx0AXM∂0X
M =
∫
x1=π
dx0∂0φ
MbA
X(b)
Mb
−
∫
x1=0
dx0∂0φ
MaA
X(a)
Ma
, (5.4)
where AX(a) and AX(b) are the connections of U(1) line bundles on the A-branes γa and
γb on which the boundaries x1 = 0 and x1 = π end (we shall use (M,N, . . .) as coordinate
indices on the Lagrangian submanifold branes). This boundary action is A-type super-
symmetric if FXMN = ∂MA
X
N − ∂NAXM = 0. This condition on the curvature of each U(1)
bundle indicates that it is flat. This boundary action takes the form of a Wilson line, and
we see that since we have two boundary components, we actually have two different Wilson
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lines along each boundary, corresponding to two different A-branes supporting flat U(1)
bundles, each with different connections [10].
We are interested in the generalizations of Lagrangian boundary conditions and the
boundary action (5.4) for GNLSMs. A possible method of obtaining such a generalization
would be to replace ordinary worldsheet derivatives by covariant ones, and to attempt to
maintain supersymmetry and gauge symmetry by adding additional terms, if necessary.
However, it is known that the boundary conditions and the boundary action (5.4) can be
obtained from a GLSM boundary action [11]. We are then led to attempt the more elegant
method of obtaining the GNLSM boundary conditions and boundary action from a GLSM
boundary action, using the methods of Section 3. In the following, we shall attempt to
generalize the NLSM Lagrangian boundary conditions and boundary action (5.4) to the
case of U(1)k-GNLSMs with Ka¨hler toric target space.
Let us elaborate further on how NLSM boundary data is obtained from GLSM bound-
ary data. The essential idea of [11] is to obtain Lagrangian boundary conditions and the
boundary action (5.4) from a GLSM using boundary conditions given by
Φie
Vˆ Φi = ci (5.5)
which includes the Dirichlet boundary condition
|φi|2 = ci (5.6)
and Neumann boundary conditions on ϕi (where ϕi is defined by φi = |φi|eiϕi), as well as
the boundary Wilson line
Sa =
N∑
i
∫
∂Σ
ai
2π
∂0ϕi dx
0, (5.7)
(where ai is a constant).
41 These indicate that at the GLSM level, the A-brane is wrapped
on a torus parametrized by the ϕi’s, which is a Lagrangian submanifold of C
N , and where
ci measures the size of the circle parametrized by ϕi, while ai parametrizes the holonomy of
the U(1) connection on the D-brane. However, instead of imposing the boundary condition
(5.6) and its A-type supersymmetric completions at the GLSM level before taking the
NLSM (eˆ→∞) limit, one uses ‘boundary superfields’ [11], whereby no boundary conditions
are imposed by hand at the GLSM level, but rather they are understood as being derived
through boundary interactions involving these boundary superfields. The advantage of
this formulation is that the geometric parameters of the NLSM D-brane enter a ‘boundary
F-term’, and this aids our understanding of quantum corrections [11].
We shall follow this method in deriving the GNLSM generalization of the boundary
conditions and the boundary action (5.4). To this end, let us first briefly review the concept
of boundary superfields [11], in particular, those living in A-boundary superspace. The
coordinates of A-boundary superspace are x0, θ, θ, and boundary superfields are simply
functions of these coordinates, and transform under A-type supersymmetry. Boundary
superfields can be of both bosonic and fermionic nature.
41Although ai is a constant, Stoke’s theorem does not result in the vanishing of (5.7), since ϕi is a
periodic, multi-valued function [11].
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The important differential operators on A-boundary superspace are ∂0 and
D = D+ +D− = − ∂
∂θ
+ iθ∂0,
D = D+ +D− =
∂
∂θ
− iθ∂0,
Q = Q+ +Q− = − ∂
∂θ
− iθ∂0,
Q = Q+ +Q− = ∂
∂θ
+ iθ∂0.
(5.8)
Boundary superfields in A-boundary superspace transform under A-type supersymmetry
by δ = ǫQ − ǫQ. Bulk superfields restricted to A-boundary are boundary superfields.
Furthermore, boundary chiral superfields obey
DΦ = 0, (5.9)
and are expanded as
Φ = φ(x0) + θψ(x0)− iθθ∂0φ(x0). (5.10)
Following the convention of [11], fermionic boundary chiral superfields shall be referred to
as boundary Fermi superfields. The integral∫
dx0dθdθ J(Fi), (5.11)
over a a function J(Fi) of boundary superfields Fi is invariant under A-type supersymmetry
transformations. In addition, the integral∫
dx0dθ ΨV(Φi)
∣∣∣
θ=0
, (5.12)
where Ψ is a boundary Fermi superfield and V(Φi) is a holomorphic function of boundary
chiral superfields Φi, is also invariant under A-type supersymmetry. Expressions of the form
(5.11) and (5.12) are known as boundary D-terms and boundary F-terms respectively.
Finally, we recall that only the axial R-symmetry of the bulk is preserved at the bound-
aries, since vector R-rotations do not leave the A-boundary (defined by (5.3)) invariant.
A-branes on CN//U(1) from GLSM
We shall first recall from [11] how the boundary conditions and the boundary action
(5.4) for an NLSM with CN//U(1) target space can be obtained from an A-type supersym-
metric boundary action of a U(1)-GLSM with CN target. The boundary action consists of
two parts
S1 =
1
2π
∫
∂Σ
dx0
[
1
2
N∑
i
∂1|φi|2 + i
2
N∑
i
(F iφi − φiFi) +
i
4eˆ2
(λˆ−λˆ+ − λˆ+λˆ−) + θˆAˆ0
]
(5.13)
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and
S2 =
1
2π
N∑
i
∫
∂Σ
dx0
[ ∫
dθdθΦie
Vˆ Φi(Ui − Im log Φi) + Re
∫
dθ siΥi
]
, (5.14)
where Ui is a real, bosonic, boundary auxiliary superfield expanded as
Ui = ui + θX i − θXi + θθEi (5.15)
(with the lowest component ui being a periodic (multivalued) scalar field defined on the
boundaries), Υi = DU is the ‘field-strength’ of Ui, expanded as
Υi := DUi = Xi + θ(Ei + i∂0ui)− iθθ∂0Xi, (5.16)
and is a boundary Fermi superfield satisfying DΥi = 0, while the parameter
si = ci − iai (5.17)
is the boundary analogue of the complex FI-theta parameter tˆ. It is important to note
that although both ui and ϕi are periodic, multi-valued functions, the presence of the term∫
dθdθΦie
Vˆ Φi(ui − ϕi) in (5.14) requires that ui − ϕi is single-valued.
The first part (5.13), together with the bulk GLSM action, S, have the simple super-
symmetry transformation
δ(S + S1) =
rˆ
4π
∫
∂Σ
dx0
{
ǫ(λˆ+ + λˆ−)− ǫ(λˆ− + λˆ+)
}
. (5.18)
The second part, (5.14), includes interactions which effectively impose boundary condi-
tions on the components of the chiral multiplets. Let us recall how it transforms under
supersymmetry. Gauge invariance of the first term in (5.14), requires that Ui transforms
under gauge transformations as
Ui −→ Ui + Qˆi
2
(A+A), (5.19)
in order to cancel the gauge variation of Im log Φi. This implies the following modification
of the supersymmetry transformations of the components of Ui in order to preserve the
Wess-Zumino gauge
δui = ǫXi − ǫX i,
δXi = −ǫ(Ei + i(∂0ui + QˆiAˆ0))− iǫQˆiσˆ,
δX i = −ǫ(Ei − i(∂0ui + QˆiA0)) + iǫQˆiσˆ,
δEi = iǫ∂0Xi + iǫ∂0X i − 1
2
ǫQˆi(λˆ− + λˆ+) +
1
2
ǫQˆi(λˆ− + λˆ+).
(5.20)
Under these supersymmetry transformations, the boundary superpotential term
1
2π
N∑
i
∫
∂Σ
dx0 Re
∫
dθ siΥi =
1
2π
N∑
i
∫
∂Σ
dx0 (ciEi + ai∂0ui) (5.21)
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is not invariant,42 but rather varies as
δ
 1
2π
N∑
i
∫
∂Σ
dx0Re
∫
dθ siΥi
 = −∑Ni Qˆici
4π
∫
∂Σ
dx0
{
ǫ(λˆ+ + λˆ−)− ǫ(λˆ− + λˆ+)
}
.
(5.22)
Supersymmetry invariance of the entire action then requires that (5.18) and (5.22) cancel,
which is possible if and only if
N∑
i
Qˆici = rˆ. (5.23)
Similarly, the first part (5.13) of the boundary action is not gauge invariant, but varies
as
δS1 =
1
2π
∫
∂Σ
dx0θˆ(−∂0α), (5.24)
while (5.21) varies under gauge transformations as
δ
 1
2π
N∑
i
∫
∂Σ
dx0Re
∫
dθ siΥi
 = ∑Ni Qˆiai
2π
∫
∂Σ
dx0∂0α, (5.25)
since the residual gauge transformation A = α(x) of the Wess-Zumino gauge shifts ui →
ui+ Qˆiα, while leaving Xi and Ei invariant. Thus, gauge invariance of the boundary action
follows if43
N∑
i
Qˆiai = θˆ. (5.26)
Combining (5.23) and (5.26), we find that we need
N∑
i
Qˆisi = tˆ (5.27)
for gauge invariance and A-type supersymmetry invariance of the action.
42The reason for this nonzero variation is that the boundary Fermi superfield Υ is not invariant under
the gauge transformation (5.19).
43To be precise, (5.26) only needs to hold up to the additional term 2πm, where m ∈ Z, since the
path integral remains gauge invariant in such cases [11]. However, we shall set m = 0 in the following for
simplicity.
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To analyze the eˆ→∞ limit, it is advantageous to write the boundary action explicitly44
S∂Σ = S1 + S2
=
1
2π
∫
∂Σ
dx0
( i
4eˆ2
(λˆ−λˆ+ − λˆ+λˆ−) + θˆAˆ0
)
+
1
2π
N∑
i
∫
∂Σ
dx0
(
(iφi
←→ˆ
D 1φi + ψ+iψ+i − ψ−iψ−i + F iφi + φiFi)u′i
+ (φiψ−i + ψ+iφi)X i + Xi(ψ−iφi + φiψ+i)− i
3
2
φi
φi
ψ+iψ−i + i
3
2
φi
φi
ψ−iψ+i
− (|φi|2 − ci)Ei + ai∂0ui
)
(5.28)
where u′i = ui − ϕi, and where the covariant derivative of the scalar field is Dˆ1φi =
∂0φi + iQˆiAˆ1φi. Firstly, we note that Stoke’s theorem implies
ai
2π
∫
∂Σ
∂0uidx
0 =
ai
2π
∫
∂Σ
{
∂0ϕi + ∂0(ui − ϕi)
}
dx0 =
ai
2π
∫
∂Σ
∂0ϕidx
0, (5.29)
since ui − ϕi is single-valued, and we find that one of the terms in the boundary action
is the expression (5.7). Then, taking eˆ → ∞, and integrating out the boundary auxiliary
superfields, we are left with
1
2π
∫
∂Σ
dx0
( N∑
i
ai∂0ϕi + θˆAˆ0
)
, (5.30)
with the boundary conditions defined by (5.5) imposed at the boundaries. These boundary
conditions are given explicitly as
|φi|2 = ci,
φiψ−i + ψ+iφi = 0,
ψ−iφi + φiψ+i = 0,
iφi
←→ˆ
D 1φi + ψ+iψ+i − ψ−iψ−i + F iφi + φiFi = 0.
(5.31)
Integrating the vector multiplet out of the bulk action sets
Aˆ0 =
1
2
∑N
i=1 Qˆi(iφi
←→
∂0φi + ψ−iψ−i + ψ+iψ+i)∑N
j=1 Qˆ
2
j |φj |2
= −
∑N
i=1 Qˆici∂0ϕi∑N
j=1 Qˆ
2
jcj
, (5.32)
at the boundaries, where (5.31) has been used in the last step.45 Thus, the final boundary
action is
S∂Σ =
1
2π
∫
∂Σ
[
N∑
i=1
aidϕi − θˆ
∑N
i=1 Qˆicidϕi∑N
j=1 Qˆ
2
jcj
]
. (5.33)
44Note that some terms in (5.13) cancel terms in (5.14).
45The presence of the boundary term proportional to θˆAˆ0 ensures that the algebraic equation of motion
for Aˆ0 does not contain a boundary term, see footnote 13.
– 53 –
It will be useful for us to analyze Hori’s results (5.31) and (5.33) forX = CPN−1, which
corresponds to Qˆi = 1. Firstly, the inhomogeneous coordinates (3.25) which parametrize
a local patch of CPN−1 can be written as
|Zi|eiγi = |φi|e
iϕi
|φN |eiϕN . (5.34)
In other words, the argument of Zi is
γi = ϕi − ϕN . (5.35)
The A-type supersymmetric boundary conditions of the NLSM which can be obtained from
(5.31) using the parametrizations (3.24) and (3.26) are46
|Zi|2 = ci
cN
Z
i
ψZ
i
− + Z
iψ
Z
i
+ = 0
Z
i
ψZ
i
+ + Z
iψ
Z
i
− = 0
i(Z
i
∂1Z
i − Zi∂1Zi) + ψZ
i
+ ψ
Zi
+ − ψZ
i
− ψ
Zi
− + F
ZiZ
i
+ F
Z
i
Zi = 0,
(5.36)
where the last condition is in fact a Neumann boundary condition on γi, since Z
i
∂1Z
i −
Zi∂1Z
i
= 2|Zi|2i∂1γi. Thus, the Neumann boundary condition on γi and Dirichlet bound-
ary condition on |Zi| in (5.36) implies that the A-brane wraps a torus TN−1 parametrized
by γi.
47 Moreover, this torus is a Lagrangian submanifold of CPN−1 with respect to the
Fubini-Study Ka¨hler form given by (4.26).
We can rewrite the boundary action (5.33) with the help of (5.35) as
S∂Σ =
1
2π
∫
∂Σ
N∑
i=1
[
ai − θˆ ci∑N
j=1 cj
]
dϕi
=
1
2π
∫
∂Σ
[
N−1∑
i=1
(
ai − (
N∑
k=1
ak)
ci∑N
j=1 cj
)
dϕi +
(
aN − (
N∑
k=1
ak)
cN∑N
j=1 cj
)
dϕN
]
=
1
2π
∫
∂Σ
[
N−1∑
i=1
(
ai − (
N∑
k=1
ak)
ci∑N
j=1 cj
)
d(ϕi − ϕN )
]
=
∫
∂Σ
N−1∑
i=1
AXi dγ
i,
(5.37)
46To be precise, the last condition of (5.31) is actually trivialized using the algebraic equation of motion
of Aˆ1. The last condition of (5.36) is in fact obtained via A-type supersymmetry transformations of the
fermionic boundary conditions.
47Here, both boundaries are mapped to the same A-brane. If the boundaries are assigned unique param-
eters sπi and s
0
i in (5.14), then each boundary is mapped to a different A-brane. However, for simplicity, in
most of what follows in this section, we shall assume that both boundaries are assigned the same parameter
si.
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where we have also used (5.26), and defined the constant
AXi =
1
2π
(
ai − (
N∑
k=1
ak)
ci∑N
j=1 cj
)
, (5.38)
which is understood to be the connection of a flat U(1) bundle on the Lagrangian torus
TN−1 parametrized by γi. In other words, the A-brane, defined by the boundary conditions
(5.36) and boundary action (5.37), wraps a Lagrangian submanifold of X = CPN−1 and
supports a flat U(1) bundle. This corresponds to the data of an object in the Fukaya
category of CPN−1 [25]. Supersymmetry invariance of the boundary action (5.37) follows
since the fermionic superpartners of γi are not periodic nor multivalued ([7], page 307),
hence, the supersymmetry variation of (5.37) vanishes via Stoke’s theorem.
We have thus derived the boundary action (5.4) and the pertinent boundary conditions
for X = CPN−1 from a GLSM. Similarly, for other toric manifolds X = CN//U(1), we
may use the same techniques shown above to find that the A-brane wraps a torus TN−1
which is a Lagrangian submanifold of X, and supports a flat U(1) bundle [11].
5.1 Equivariant A-branes on CN//U(1) from GLSM
We shall now proceed to obtain the A-type supersymmetric boundary conditions and
boundary action for abelian GNLSMs with toric target spaces of the form CN//U(1).
In order to do so, we must generalize the U(1)-GLSM boundary action consisting of (5.13)
and (5.14) to a boundary action for the U(1)N -GLSM given in (3.12), with N − k = 1.
The first step would be the obvious generalization of the terms with vector multiplet
fields, i.e., from U(1) to U(1)N . Next, we note that in obtaining a U(1)N−1-GNLSM from
the U(1)N -GLSM, we do not integrate out all vector multiplets, unlike in the procedure
of obtaining the NLSM. However, the boundary action (5.14) only imposes boundary con-
ditions on the matter fields in the eˆ → ∞ limit. This implies that we ought to include
additional boundary interactions at the GLSM level, which impose boundary conditions on
the remaining vector multiplet fields in the eˆ→∞ limit. We claim that the U(1)N -GLSM
boundary action consists of
S1 =
1
2π
∫
∂Σ
dx0
[
1
2
N∑
i
∂1|φi|2 + i
2
N∑
i
(F iφi − φiFi) +
N∑
a
i
4ea2
(λ−aλ+a − λ+aλ−a) +
N∑
a
θaA0a
]
(5.39)
and
S2 =
1
2π
N∑
i
∫
∂Σ
dx0
[∫
dθdθΦie
∑N
a QiaVaΦi(Ui − Im log Φi) + Re
∫
dθ siΥi
+
N∑
a
1
2e2a
∫
dθdθRe
[
Ξa(D+Σa −D−Σa)
]]
,
(5.40)
– 55 –
where we have introduced an A-type supersymmetry invariant boundary D-term for the
vector superfields, which contains the complex boundary Fermi superfields
Ξa = ξa + θGa + θHa + θθKa
Ξa = ξa + θGa + θHa + θθKa,
(5.41)
where ξa and Ka are fermionic auxiliary fields while Ga and Ha are bosonic auxiliary fields,
all defined along the boundaries. The A-type supersymmetry transformations of these fields
may be found using the differential operator δ = ǫQ−ǫQ defined in (5.8) on the superfields
Ξa and Ξa. In addition, they are defined to be invariant under gauge transformations. The
form of (5.40) is chosen such that the boundary conditions
Φie
∑N
a QiaVaΦi = ci
D+Σa = D−Σa
D+Σa = D−Σa
(5.42)
are effectively imposed via boundary interactions. In components, these are
|φi|2 = ci,
φiψ−i + ψ+iφi = 0,
ψ−iφi + φiψ+i = 0,
iφi
←→
D 1φi + ψ+iψ+i − ψ−iψ−i + F iφi + φiFi = 0
(5.43)
and
λ+a − λ−a = 0,
∂1σa = 0,
F01a = 0,
Da = 0,
∂1(λ+a + λ−a) = 0,
(5.44)
and the complex conjugates of the conditions in (5.44).
The supersymmetry transformation of the bulk GLSM action together with (5.39) is
δ(S + S1) =
N∑
a
ra
4π
∫
∂Σ
dx0
{
ǫ(λ+a + λ−a)− ǫ(λ−a + λ+a)
}
. (5.45)
Now, U(1)N gauge invariance of the first term in (5.40), requires that Ui transforms under
U(1)N gauge transformations as
Ui −→ Ui +
N∑
a
Qia
2
(Aa +Aa), (5.46)
in order to cancel the gauge variation of Im log Φi. This implies the following modification
of the supersymmetry transformations of the components of Ui in order to preserve the
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Wess-Zumino gauge
δui = ǫXi − ǫX i,
δXi = −ǫ(Ei + i(∂0ui +
N∑
a
QiaA0a))− iǫ
N∑
a
Qiaσa,
δX i = −ǫ(Ei − i(∂0ui +
N∑
a
QiaA0a)) + iǫ
N∑
a
Qiaσa,
δEi = iǫ∂0Xi + iǫ∂0X i − 1
2
ǫ
N∑
a
Qia(λ−a + λ+a) + 1
2
ǫ
N∑
a
Qia(λ−a + λ+a).
(5.47)
The boundary superpotential term in (5.40) is not invariant under supersymmetry,48 but
rather varies as
δ
 1
2π
N∑
i
∫
∂Σ
dx0Re
∫
dθ siΥi
 = −∑Na ∑Ni Qiaci
4π
∫
∂Σ
dx0
{
ǫ(λ+a + λ−a)− ǫ(λ−a + λ+a)
}
.
(5.48)
Hence, supersymmetry invariance of the entire action requires that (5.45) and (5.48) cancel,
which is possible if and only if
N∑
i
Qiaci = ra. (5.49)
Likewise, the first part (5.39) of the boundary action is not U(1)N -gauge invariant,
but varies as
δS1 =
1
2π
∫
∂Σ
dx0
N∑
a
θa(−∂0αa), (5.50)
while the boundary superpotential term varies under gauge transformations as
δ
 1
2π
N∑
i
∫
∂Σ
dx0Re
∫
dθ siΥi
 = ∑Na ∑Ni Qiaai
2π
∫
∂Σ
dx0∂0αa, (5.51)
since the residual gauge transformation Aa = αa(x) of the Wess-Zumino gauge shifts
ui → ui +
∑N
a Qiaαa, while leaving Xi and Ei invariant. Therefore, gauge invariance
of the boundary action follows if49
N∑
i
Qiaai = θa. (5.52)
Combining (5.49) and (5.52), we find that we need
N∑
i
Qiasi = ta (5.53)
48This nonzero variation occurs because the boundary Fermi superfield Υ is not invariant under the
gauge transformation (5.46).
49As noted in footnote 43, (5.52) only needs to hold up to the additional term 2πm, but we shall set
m = 0 in the following for simplicity.
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for gauge invariance and A-type supersymmetry invariance of the action.
Expanding the boundary action in components, we have
S∂Σ = S1 + S2
=
1
2π
∫
∂Σ
dx0
(
N∑
a
i
4ea2
(λ−aλ+a − λ+aλ−a) +
N∑
a
θaA0a
)
+
1
2π
N∑
i
∫
∂Σ
dx0
(
(iφi
←→
D 1φi + ψ+iψ+i − ψ−iψ−i + F iφi + φiFi)u′i
+ (φiψ−i + ψ+iφi)X i + Xi(ψ−iφi + φiψ+i)− i
3
2
φi
φi
ψ+iψ−i + i
3
2
φi
φi
ψ−iψ+i
− (|φi|2 − ci)Ei + ai∂0ui
)
+
N∑
a
1
2e2a
∫
∂Σ
dx0
1
2
(
ξa
(
∂0(λ−a − λ+a) + 2∂1(λ−a + λ+a)
)
+ i2Ga(∂1σa)− 2Ha(Da − iF01a) + iKa(λ−a − λ+a) + c.c.
)
,
(5.54)
where the covariant derivative of the scalar fields is given in (3.13). Performing the ma-
nipulation given in (5.29), taking the eˆ → ∞ limit, and subsequently integrating out the
boundary auxiliary fields, we obtain the boundary action
S∂Σ =
1
2π
∫
∂Σ
dx0
( N∑
i
ai∂0ϕi + θˆAˆ0 +
N−1∑
c
θ˜cA˜0c
)
, (5.55)
together with boundary conditions
|φi|2 = ci,
φiψ−i + ψ+iφi = 0,
ψ−iφi + φiψ+i = 0,
iφi
←→
D 1φi + ψ+iψ+i − ψ−iψ−i + F iφi + φiFi = 0
(5.56)
on the matter fields, as well as boundary conditions
λ˜+c − λ˜−c = 0,
∂1σ˜c = 0,
F˜01c = 0,
D˜c = 0,
∂1(λ˜+c + λ˜−c) = 0,
(5.57)
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on vector multiplet fields, and their complex conjugates. In superfield notation, the latter
are
Φie
∑N
a QiaVaΦi = ci
D+Σ˜c = D−Σ˜c
D+Σ˜c = D−Σ˜c.
(5.58)
Before proceeding, we note that the boundary conditions on the matter fermion fields in
(5.56) ensure that the spurious boundary term (3.33) vanishes.
Now, we shall rewrite (5.55) as
1
2π
∫
∂Σ
dx0
( N∑
i
aiD˜0ϕi + θˆAˆ0
)
, (5.59)
where we have used
∑N
i Q˜icai = θ˜c and where the covariant derivative of ϕi is
D˜0ϕi = ∂0ϕi +
N−1∑
c
Q˜icA˜0c, (5.60)
which agrees with the general definition for scalar fields given in (2.9). By integrating the
vector multiplet out of the bulk action (c.f. (3.19)), we obtain
Aˆ0 =
1
2
∑N
i=1 Qˆi(iφi
←→˜
D0φi + ψ−iψ−i + ψ+iψ+i)∑N
j=1 Qˆ
2
j |φj |2
= −
∑N
i=1 QˆiciD˜0ϕi∑N
j=1 Qˆ
2
jcj
, (5.61)
at the boundaries,50 where (5.56) has been used in the last step. Hence, the final boundary
action is51
S∂Σ =
1
2π
∫
∂Σ
dx0
[
N∑
i=1
aiD˜0ϕi − θˆ
∑N
i=1 QˆiciD˜0ϕi∑N
j=1 Qˆ
2
jcj
]
. (5.62)
Now, let us investigate the example of X = CPN−1. We can derive the A-type su-
persymmetric boundary conditions of the GNLSM matter fields from (5.56) using the
parametrizations (3.24) and (3.26)52
|Zi|2 = ci
cN
Z
i
ψZ
i
− + Z
iψ
Z
i
+ = 0
Z
i
ψZ
i
+ + Z
iψ
Z
i
− = 0
i(Z
i
∂A1 Z
i − Zi∂A1 Zi) + ψZ
i
+ ψ
Zi
+ − ψZ
i
− ψ
Zi
− + F
ZiZ
i
+ F
Z
i
Zi = 0,
(5.63)
50As in the NLSM case, the presence of the boundary term proportional to θˆAˆ0 ensures that the algebraic
equation of motion for Aˆ0 does not contain a boundary term, see footnote 13.
51To be precise, the complete boundary action includes the C-field term given in (2.7). However, to
simplify the following arguments, we shall consider the C-field term to be part of the bulk action, by using
Stoke’s theorem to promote it to a bulk term.
52Analogous to the NLSM case, the last condition of (5.56) is trivialized using the algebraic equation of
motion of Aˆ1 in (3.19). The last condition of (5.63) is obtained via A-type supersymmetry transformations
of the fermionic boundary conditions.
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where the last condition is in fact a Neumann boundary condition on γi, since Z
i
∂A1 Z
i −
Zi∂A1 Z
i
= 2|Zi|2i∂A1 γi, where
∂Aµ γ
i = ∂µγ
i +
N−1∑
c
(Q˜ic − Q˜Nc)A˜µc = ∂µγi +
N−1∑
c
e˜γ
i
c A˜µc, (5.64)
with e˜γ
i
c being the Killing vector field which generates the U(1)N−1 isometry of the torus,
TN−1, parametrized by γi. The Neumann boundary condition on γ
i together with the
Dirichlet boundary condition on |Zi| implies that the equivariant A-brane wraps this torus.
Furthermore, this torus is a Lagrangian submanifold of CPN−1 with respect to the Fubini-
Study Ka¨hler form given by (4.26). The remaining boundary conditions, i.e., for the
fields in the vector multiplet of the GNLSM, are given by (5.57). The complete set of
GNLSM boundary conditions is invariant under the U(1)N−1 gauge symmetry, and satisfy
the supersymmetry transformations given in (2.31) and (2.32) for ǫ+ = ǫ−. In addition,
the boundary conditions also ensure the locality of the classical equations of motion, i.e.,
that they contain no boundary terms.
Next, with the aid of (5.35), we can rewrite the boundary action (5.62) as
S∂Σ =
1
2π
∫
∂Σ
dx0
N∑
i=1
[
ai − θˆ ci∑N
j=1 cj
]
D˜0ϕi
=
1
2π
∫
∂Σ
dx0
[
N−1∑
i=1
(
ai − (
N∑
k=1
ak)
ci∑N
j=1 cj
)
D˜0ϕi +
(
aN − (
N∑
k=1
ak)
cN∑N
j=1 cj
)
D˜0ϕN
]
=
1
2π
∫
∂Σ
dx0
[
N−1∑
i=1
(
ai − (
N∑
k=1
ak)
ci∑N
j=1 cj
)(
∂0(ϕi − ϕN ) +
N−1∑
c
(Q˜ic − Q˜Nc)A˜0c
)]
,
(5.65)
or
S∂Σ =
∫
∂Σ
dx0
(
N−1∑
i=1
AXi ∂0γ
i −
N−1∑
c=1
R˜cA˜0c
)
, (5.66)
where we have also used (5.26), and where AXi is the constant given in (5.38), which is the
connection of a flat U(1) bundle on the Lagrangian torus TN−1 parametrized by γi, and
where
R˜c = −
N−1∑
i
(Q˜ic − Q˜Nc)AXi
= −
N−1∑
i
e˜γ
i
c A
X
i
= −ιe˜cAX .
(5.67)
As we explain below, A-type supersymmetry invariance holds since
dR˜ = ιe˜F
X , (5.68)
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which is equal to zero because FX = 0. This is known as the equivariant Bianchi identity,
and implies that the flat U(1) bundle has U(1)N−1-equivariant structure,53 for which R˜c
is the moment [20, 21].
Now, the boundary action (5.66) is not invariant under the supersymmetry transfor-
mations (2.31) and (2.32) for ǫ+ = ǫ−. Instead, the total action S+S∂Σ is invariant under
these transformations at the boundaries, using the boundary conditions (5.63) and (5.57),
and therefore the sum of the expressions (2.34), (2.35) and (2.36) with the supersymmetry
variation of the boundary action vanishes. The proof of this involves the supersymmetry
invariance of the constant moment R˜c, which is essentially the equivariant Bianchi identity
(5.68), as well as the boundary constraint
µ˜c = −r˜c (5.69)
on the moment map, which can be derived from (5.23) using ci = |φi|2 and the parametriza-
tion (3.24). Furthermore, the nonzero supersymmetry variation of the boundary action
(5.66) is cancelled by the C-term in (2.36) and the θ˜c-term in (2.35) via
2πR˜c = −θ˜c + Cc, (5.70)
which can be shown to hold via (3.32), (5.69), and (5.53). Finally, the B-field terms in
(2.36) (where the B-field is proportional to the Ka¨hler form), vanish using the boundary
conditions given in (5.63).
Next, writing the boundary action as
S∂Σ =
∫
∂Σ
dx0
(
N−1∑
i=1
AXi ∂
A
0 γ
i
)
, (5.71)
it becomes obvious that it is invariant under the gauge transformations given in (2.26) and
(2.27), since AXi is a constant and the expression ∂
A
0 γ
i is invariant under gauge transfor-
mations.
We have thus found A-type supersymmetric and U(1)N−1 gauge invariant boundary
conditions and boundary interactions corresponding to an equivariant A-brane in CPN−1,
which wraps a Lagrangian submanifold TN−1 which supports a U(1)N−1-equivariant flat
U(1) bundle. We may follow a procedure analogous to that presented above for CPN−1 in
order to describe an equivariant A-brane in a toric manifold X = CN//U(1) (by choosing
different values for Qˆi), which would again be a Lagrangian submanifold T
N−1 supporting
a flat U(1) bundle with U(1)N−1-equivariant structure.
5.2 Equivariant A-branes on CN//U(1)N−k from GLSM
We can generalize further, since the examples above have been solely for equivariant A-
branes on X = CN//U(1)N−k where N−k = 1. For general values of N−k, we may derive
53The G-equivariant Bianchi identity is equivalent to the G-invariance of the connection, A, of the bundle
(Le˜A = 0), which implies that the covariant derivative d+A is G-invariant, and this defines a G-equivariant
bundle, see [21], Section 3.2.
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the relevant boundary conditions and boundary action from the GLSM boundary action
(5.54), but instead of taking the eˆ → ∞ limit for a single gauge group, we take eˆb → ∞,
where b = 1, . . . , N − k. Integrating out auxiliary fields, and using parametrizations analo-
gous to (3.24) and (3.26), we will be able to derive the U(1)k-GNLSM boundary conditions
and boundary action which represent an equivariant A-brane wrapping a Lagrangian torus
T k, which supports a flat U(1) bundle with U(1)k-equivariant structure.
Kapustin et al. ([14], page 58) have conjectured that the category of G-equivariant
A-branes is some sort of G-equivariant version of the Fukaya category (which includes
Lagrangian submanifolds which support flat unitary vector bundles as objects). Indeed, if
we generalize the definition of the equivariant Fukaya category given for finite groups by
Cho and Hong ([26], page 68) to G = U(1)k, we see that the equivariant A-branes which we
have found are objects in the U(1)k-equivariant Fukaya category, and therefore, we have
partially verified the conjecture of Kapustin et al. The other objects in the category which
we have not constructed correspond to Lagrangian submanifolds which support equivariant
flat unitary vector bundles.
5.3 Quantum Corrections
There are two important quantum effects of the bulk U(1)N−k×U(1)k GLSM, which affect
the FI parameters ra and theta angles θa [7]. The first effect is the renormalization of the
FI parameters,
r0a = ra(µ) +
N∑
i=1
Qia log
(ΛUV
µ
)
, (5.72)
where r0a denotes bare parameters, ΛUV is an ultraviolet cut-off, and µ is a finite energy
scale. Via integration of the beta functions of the FI parameters, βa = µ
dra
dµ , the µ-
dependence is found to be
ra(µ) =
N∑
i=1
Qialog
(
µ
Λ
)
, (5.73)
where Λ is the renormalization group invariant dynamical scale. The second quantum
effect is the anomaly of the bulk U(1) axial R-symmetry, whereby axial R-rotations ψ±i →
e∓iβψ±i, σa → e2iβσa and λ±a → e∓iβλ±a no longer leave the action invariant, but result
in a shift of the theta angles, i.e.,
θa → θa − 2
N∑
i=1
Qiaβ. (5.74)
The FI parameters are closely related to the boundary parameters ci, via (5.49), and
the latter undergo similar renormalization to that of (5.72) [11], i.e., the parameters ci run
as
ci(µ) = log
(µ
Λ
)
. (5.75)
Note that this quantum effect is nontrivial even when
∑N
i=1Qia = 0, unlike the running
of ra(µ). In particular, (5.75) implies that the size of the equivariant A-brane in the toric
– 62 –
manifold X could depend on the energy scale µ. However, for CPN−1, this is not the
case, because the Dirichlet boundary condition is |Zi|2 = ci/cN , and hence the equivariant
A-brane stays the same size regardless of the energy scale. On the other hand, when∑N
i=1Qia > 0, the manifold X becomes large at high energies due to (5.73), since rˆb are
the size moduli of X (for CPN−1, this is obvious from (3.27)). Finally, it is expected that
in addition to the bulk axial R-anomaly, a boundary axial R-anomaly also occurs [7].
5.4 Mirrors of Equivariant A-branes
Having described equivariant A-branes in toric manifolds, we shall now use mirror symme-
try to find the Landau-Ginzburg mirrors of these branes, following the exposition in Section
3, as well as the results of [11]. We shall obtain the mirrors of branes in toric manifolds
which obey c1(X) ≥ 0, since mirror symmetry is a quantum duality (which holds after
taking all pertubative and nonpertubative quantum effects into account), and we can only
obtain quantum GNLSMs for Ka¨hler targets with c1(X) ≥ 0 from GLSMs (c.f. Section
3.1).
The boundary action of the U(1)N GLSM which we wish to dualize is given by (5.54),
with
∑N
i ai∂0ui replaced by
∑N
i ai∂0ϕi via (5.29).
54 The terms in the full U(1)N GLSM
action relevant for the dualization are those which involve ϕi:
Sϕ =− 1
2π
N∑
i=1
∫
Σ
|φi|2(∂µϕi +
N∑
a
QiaAµa)(∂µϕi +
N∑
a
QiaAµa)d2x
+
1
2π
∫
∂Σ
[
N∑
i=1
(
−2u′i|φi|2(∂1ϕi +
N∑
a
QiaA1a) + ai∂0ϕi
)
+
N∑
a
θaA0a
]
dx0,
(5.76)
where −2|φi|2(∂1ϕi +
∑N
a QiaA1a) = iφi
←→
D 1φi.
55 Here, the boundary theta term
N∑
a
θa
2π
∫
∂Σ
A0adx
0
has been included in order to maintain the gauge invariance, i.e., the gauge transformations
ϕi → ϕi +
∑N
a Qiaαa, Aµa → Aµa − ∂µαa leave the expression (5.76) invariant (as long as
(5.52) holds). All other terms, including those involving fermions, have been suppressed
for simplicity.
Now, let us consider a system of N one form fields (Bi)µ, as well as N + N periodic
scalar fields consisting of ϑi and u˜i with the action
S′ =
1
2π
N∑
i=1
[ ∫
Σ
(
−|φi|2BiµBµi d2x−Bi ∧ dϑi +
N∑
a
QiaϑiFa
)
+
∫
∂Σ
(ai − ϑi)∂0u˜idx0
]
,
(5.77)
54In the following analysis, we shall take |φi|
2 to be non-zero, and ϕi = Im log φi is understood to be
well-defined, permitting us to set Ui = ϕi +U
′
i whereby U
′
i is a boundary superfield which is single-valued.
55The dualization portion of the subsequent analysis follows from that given in [11].
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where Fa is the curvature of Aa = Aµadx
µ, Fa = dAa. In addition, the boundary condition
(Bi)1 = 0 (5.78)
is imposed. Integrating out ϑi gives rise to the constraints
dBi =
N∑
a
QiaFa on Σ
(Bi)0 = ∂0u˜i along ∂Σ.
(5.79)
The first of these constraints is solved by Bi = dϕi+
∑N
a QiaAa, where ϕi is a periodic scalar
field of period 2π.56 Then, the second constraint together with the boundary condition
(5.78) implies the relations
∂0ϕi +
N∑
a
QiaA0a = ∂0u˜i,
∂1ϕi +
N∑
a
QiaA1a = 0.
(5.80)
on the boundaries. Inserting the first expression of (5.80) into (5.77) we obtain the action
(5.76) without the u′i-dependent terms (using
∑N
i=1Qiaai = θa). The second condition
in (5.80) is equivalent to the presence of the u′i-dependent terms, since integrating out u
′
i
imposes the second equation of (5.80).
Alternatively, integrating out the fields Bi imposes
(Bi)0 =
−∂1ϑi
2|φi|2 , (5.81)
(Bi)1 =
−∂0ϑi
2|φi|2 , (5.82)
and we obtain
Sϑ =
1
2π
N∑
i=1
[ ∫
Σ
(
− 1
4|φi|2 ∂µϑi∂
µϑi d
2x+
N∑
a
QiaϑiFa
)
+
∫
∂Σ
(ai − ϑi)∂0u˜idx0
]
. (5.83)
Following Hori [11], the bulk portion of the full mirror action is given by (3.2) (modulo
boundary terms that arise from putting the scalar kinetic terms in (3.2) in their standard
form), while the mirror boundary action takes the form57
S∂Σ =
1
2π
N∑
i=1
∫
∂Σ
dx0Re
∫
dθ (si − Yi)Υ˜i
+ (Additional boundary terms required to cancel bulk SUSY variation)
+
N∑
a
1
2e2a
∫
dθdθRe
[
Ξa(D+Σa −D−Σa)
]
,
(5.84)
56For details on why ϕi ought to be periodic, see [7], page 250.
57As explained in [11], unlike the bulk superpotential
∑N
i=1 e
−Yi which is generated by vortices, no
boundary F-terms can be generated by such effects.
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where the boundary term in (5.83) is contained in the first term.
Here, Υ˜i is the ‘field strength’ DU˜i of the boundary superfield U˜i, whose only difference
from Ui is that its lowest component is u˜i. Integrating out Υ˜i, we find the boundary
condition
Yi = si, (5.85)
at A-boundary, which is
yi = si
χ+i − χ−i = 0
(5.86)
in components. In fact, integrating out all the boundary auxiliary fields in (5.84) imposes
the boundary conditions (5.85) and (5.44), which result in the entire boundary action
vanishing.
As in Section 3, taking the eˆb → ∞ limit allows us to integrate Σˆb out of the action,
and imposes the constraint
N∑
j
QˆjbYj − tˆb = 0, (5.87)
giving us the gauged Landau-Ginzburg theory with holomorphic twisted superpotential
W˜ =
k∑
c
( N∑
j=1
Q˜jcYj − t˜c
)
Σ˜c +
N∑
j=1
e−Yj . (5.88)
We recall that the constraint (5.87) fixes the target space of the gauged Landau-Ginzburg
theory to be the algebraic torus (C×)k. It is solved (c.f. Section 3) by
Yj = sˆj +
k∑
c=1
vcjΘc, (5.89)
where sˆj is any solution of Qˆ
b
j sˆ
j = tˆb. Note that with Θc = θc+ θ
+χθ+c+ θ
−
χθ−c+ θ
+θ
−
Eθc ,
the full mirror action, expanded in components is
S =
1
2π
∫
d2x
[ k∑
c
k∑
d
(−gcd∂µθc∂µθd + i
2
gcdχ
θ
−c(
←→
∂+)χ
θ
−d +
i
2
gcdχ
θ
+c(
←→
∂−)χ
θ
+d + gcdE
θ
cE
θ
d)
+
k∑
c
1
2e˜2c
(
(F˜01c)
2 − ∂µσ˜c∂µσ˜c + (D˜c)2 + i
2
λ˜+c(
←→
∂−)λ˜+c +
i
2
λ˜−c(
←→
∂+)λ˜−c
)
+
1
2
( N∑
j
k∑
c
k∑
d
Q˜jcv
j
d(σ˜cE
θ
d − iλ˜+cχθ−d − iλ˜−cχθ+d + (D˜c − iF˜01c)θd)
+
k∑
c
(
N∑
j
Q˜jcsˆ
j − t˜c)(D˜c − iF˜01c) +
N∑
j
e−
∑
c v
j
cθc−sˆj(−
k∑
c
vjcχ
θ
+c
k∑
d
vjdχ
θ
−d −
k∑
c
vjcE
θ
c ) + c.c.
)]
,
(5.90)
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where (θc,θd) (the lowest components of (Θc,Θd)) parametrize the mirror target space
(C×)k, on which the flat Ka¨hler metric is
ds2 =
k∑
c
k∑
d
1
4
∑N
j v
j
cv
j
d
log(ΛUV /µ)
dθcdθd =
k∑
c
k∑
d
gcddθcdθd. (5.91)
Now, the boundary condition (5.85) on Yi implies the boundary condition
k∑
c=1
vcjΘc = sj − sˆj, (5.92)
and this means that the U(1)k-equivariant A-brane in X = CN//U(1)N−k is mapped to a
B-brane which is a D0-brane in the mirror Landau-Ginzburg model located at θc, where
θc is a solution of
∑k
c=1 vcjθc = sj − sˆj.58 Let us investigate this D0-brane further, by
studying how it is described in the W˜ -plane. In particular, we would like to find the mirror
of the U(1)k-equivariant structure on the A-brane.
Firstly, we note that the twisted superpotential (5.88) can be rewritten as
W˜ = W˜equiv + W˜X . (5.93)
where the first and second term of (5.88) correspond respectively to the first and second
term of (5.93). The image of the D0-brane in the W˜X-plane is
W˜X =
N∑
i=1
e−si , (5.94)
which is the mirror condition found when studying the mirrors of A-branes without equiv-
ariant structure. However, turning to W˜equiv, we find that the boundary condition (5.85)
implies that the image of the D0-brane in the W˜equiv-plane is W˜equiv = 0, and thus we
require further analysis to identify the mirror of the U(1)k-equivariant structure on the
A-brane.
Now, for the D0-brane mirrors of ordinary A-branes, there is an additional requirement
which is necessary to prevent spontaneous supersymmetry breaking, that is the D0-brane
should be at a critical point of the twisted superpotential W˜X(θ) =
∑N
j=1 e
−sˆj−
∑k
c=1 vcjθc
[7, 11, 27, 28]. This condition is necessary for the potential energy of the mirror Landau-
Ginzburg model (with twisted superpotential W˜X) to have a vanishing vacuum expectation
value. We shall generalize this analysis to the gauged Landau-Ginzburg model with neutral
matter (5.90) which we are presently concerned with. Here, the twisted superpotential
58In the case where the two boundaries of the strip are mapped to different equivariant A-branes,
labelled by sπj and s
0
j , the positions of the mirror D0-branes are determined by
∑k
c=1 vcjθc = s
π
j − sˆj and∑k
c=1 vcjθc = s
0
j − sˆj respectively.
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terms can be expanded as
1
2π
∫
d2x
1
2
( ∫
d2θ˜W˜ (Θ, Σ˜) + c.c.
)
=
1
2π
∫
d2x
1
2
(
k∑
c
(
Eθc
∂W˜
∂θc
+ (D˜c − iF˜01c)∂W˜
∂σ˜c
)
+ c.c.
+
k∑
c
k∑
d
(
χθ−cχ
θ
+d
∂2W˜
∂θc∂θd
+ λ˜−cλ˜+d
∂2W˜
∂σ˜c∂σ˜d
+ iχθ+cλ˜−d
∂2W˜
∂θc∂σ˜d
+ iχθ−cλ˜+d
∂2W˜
∂θc∂σ˜d
)
+ c.c.
)
,
(5.95)
where W˜ is given by (3.10). Taking into account the presence of the auxiliary field terms
1
2π
∫
d2x(
k∑
c
k∑
d
gcdE
θ
cE
θ
d +
k∑
c
1
2e˜2c
D˜cD˜c) (5.96)
in the action, upon integrating out the auxiliary fields D˜c and E
θ
c , the potential energy
becomes
V =
1
2π
∫
dx1
(
1
4
gcd
∂W˜
∂θc
∂W˜
∂θd
+
1
2
k∑
c
e˜2cRe
(∂W˜
∂σ˜c
)
Re
(∂W˜
∂σ˜c
))
. (5.97)
Now, in the non-gauged case, ∂W˜X∂θc is a constant at the boundaries, and therefore super-
symmetry would be broken for any classical configuration unless the D0-brane is located
at the critical point ∂W˜X∂θc = 0. However, in (5.97),
∂W˜
∂θc
=
N∑
j
〈σ˜, Q˜j〉vjc −
N∑
j
vjce
−〈vj ,θ〉−sˆj , (5.98)
is not a constant at the boundaries (since σ˜c obeys a Neumann boundary condition (∂1σ˜c =
0), unlike θc), and hence classical configurations where
∂W˜
∂θc
= 0 at the boundaries can be
achieved without any additional constraint on the position of the D0-brane. Next, the
second term in (5.97) implies that Re
(
∂W˜
∂σ˜c
)
ought to vanish at each boundary in order to
prevent spontaneous breaking of supersymmetry. Indeed,
Re
(
∂W˜
∂σ˜c
)
= Re(
N∑
j
Q˜jcs
j − t˜c) (5.99)
at the boundaries, which is identically zero because it is the real part of the condition∑N
j Q˜jcs
j − t˜c = 0, which is implied by
∑N
j Qjasj − ta = 0. The latter holds since it
was necessary for the A-type supersymmetry and gauge symmetry of the U(1)N−k×U(1)k
GLSM (see (5.53)). Therefore, spontaneous supersymmetry breaking does not occur in
the mirror theory, since zero-energy classical configurations can always be achieved at the
boundaries. The condition
∑N
j Q˜jcs
j − t˜c = 0 is a new condition which did not appear in
the non-gauged case, and in fact constrains the position of the D0-brane (defined by sj via
(5.92)). In conclusion, unlike the mirrors of ordinary A-branes, we have found that
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The mirrors of U(1)k-equivariant A-branes on CN//U(1)N−k do not need to satisfy the
critical point condition ∂W˜X∂θc = 0, but instead their position must be further constrained
by
∑N
j Q˜jcs
j − t˜c = 0.
In this section, we have restricted ourselves to equivariant A-branes whose mirrors
are D0-branes. However, there are A-branes whose mirrors are higher-dimensional branes
holomorphically embedded in the mirror target space. In Hori’s construction [11], these
can be studied by promoting the parameter si to a superfield Si. It would be interesting
to study equivariant structure on these branes.
5.5 Nonabelian Equivariant A-branes
We may use the insights obtained from analyzing the equivariant A-branes for abelian
groups which we have found thus far to find the description of equivariant A-branes for
general nonabelian groups. We shall use the GNLSM notation of Section 2 in this subsec-
tion.
Firstly, the terms in (2.35) (except the terms proportional to (φ∗µa+ra) and θa) vanish
using the boundary conditions
λ+a − λ−a = 0,
∂1σa = 0,
A1a = 0,
∂1A0a = 0,
Da = 0,
∂1(λ−a + λ+a) = 0.
(5.100)
Note that these conditions are a direct generalization of the conditions given for the example
of CPN−1, except that F01a = 0 is replaced by the stricter conditions A1a = 0 and ∂1A0a =
0. This is necessary since the supersymmetry transformations now contain nonabelian
terms, and this causes A-type supersymmetry invariance of the set of boundary conditions
to not hold unless we use the stricter conditions. The boundary conditions in fact imply
that gauge transformations have to be restricted such that the transformation parameter αa
has vanishing derivative with respect to x1 at the boundaries, in order for these boundary
conditions to be gauge invariant.
Next, we turn to the boundary conditions for the matter fields. We first recall that
for CPN−1, the equivariant A-brane corresponded to a Lagrangian torus TN−1, which was
invariant under the U(1)N−1 isometry of CPN−1. Let us consider the N = 1 subalgebra
of A-type supersymmetry, which corresponds to ǫ+ = iǫ˜, ǫ+ = −iǫ˜, ǫ− = −iǫ˜ and ǫ− = iǫ˜,
where ǫ˜ is a real parameter. In this case, after integrating out the auxiliary fields F i and
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F
ı
, we find that (2.34) and the B-field terms in (2.36) are
− 1
2π
iǫ˜
2
∫
∂Σ
dx0
{(
gIJ(ψ
J
− − ψJ+)−BIJ(ψJ− + ψJ+)
)
∂A0 φ
I
+
(
gIJ∂
A
1 φ
I +BJI∂
A
0 φ
I
)
(ψJ− + ψ
J
+)
+ gIJ(ψ
I
+ − ψI−)Re(σa)e˜Ja + ωIJ(ψI+ + ψI−)Im(σa)e˜Ja
}
,
(5.101)
where gIJX
IY J = gi(X
iY  + XY i) and ωIJX
IY J = igi(X
iY  − XY i), and where
(I, J,K, . . .) are indices corresponding to real coordinates on X. In addition, if we insist
on locality of the matter equations of motion (like in the CPN−1 case), we require that
δφI(gIJ∂
A
1 φ
J +BIJ∂
A
0 φ
J) = 0
gIJ(ψ
I
−δ∇ψ
J
− − ψI+δ∇ψJ+) = 0
(5.102)
at the boundaries, where δ∇ψ
J = δψJ + ΓJKLδφ
KψL. An equivariant A-brane shall wrap
a submanifold (denoted as γ) of X, to which a boundary of the worldsheet is mapped via
(φi, φ
ı
). Now, any allowed variation of φ (denoted δφI for the real coordinate φI) along
the boundary, and the derivative along the boundary, ∂0φ
I , ought to be tangent to γ.
Hence, taking into account the fact that A1a = 0 at the boundaries, we find that (5.101)
vanishes while satisfying the first constraint of (5.102) if ∂1φ
J is normal to γ, ψI− − ψI+
and ψI−+ψ
I
+ are respectively normal and tangent to γ, e˜
I
a is tangent to γ, the Ka¨hler form
vanishes against tangent vectors of γ, and the B-field vanishes against tangent vectors of γ.
These last three conditions respectively imply that γ is G-invariant, that it is an isotropic
submanifold of X, and that the restriction of the two-form B to γ vanishes. In addition,
we note that ψI− − ψI+ being normal to γ and ψI− + ψI+ being tangent to γ implies that
ψI− − ψI+ = 0, I : tangent to γ,
ψI− + ψ
I
+ = 0, I : normal to γ,
(5.103)
(for a choice of coordinates which separates the normal and tangent directions) which
satisfies the second constraint of (5.102).
Next, the N = (2, 2) supersymmetry transformation of φI is
δφI = i(ǫ+2ψ
I
− − ǫ+1JIKψK− − ǫ−2ψI+ + ǫ−1JIKψK+ ), (5.104)
where ǫ+ = ǫ+1 + iǫ+2 and ǫ− = ǫ−1 + iǫ−2, and where J is the almost complex structure
of X locally given by J ik = iδ
i
k and J
ı
k
= −iδı
k
. A-type supersymmetry corresponds to
ǫ+1 = ǫ−1 and ǫ+2 = −ǫ−2, whereby
δφI = i
(
ǫ+2(ψ
I
− + ψ
I
+)− ǫ+1JIK(ψK− − ψK+ )
)
. (5.105)
Hence, ψI−+ψ
I
+ and J
I
K(ψ
K
−−ψK+ ) are tangent to γ. However, from the previous paragraph,
we know that ψI−−ψI+ is normal to γ. In addition, JMIJIK = −δMK . Hence, the application
of the almost complex structure, J , converts normal vectors of γ into tangent vectors of
γ, and vice versa. Thus, γ is a middle-dimensional Lagrangian submanifold of X. This
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Lagrangian submanifold also happens to be G-invariant, which we know from the previous
paragraph.
Indeed, (2.34) and the B-field terms in (2.36) vanish under this boundary condition;
integrating out the auxiliary fields F i and F
ı
, (2.34) and the B-field terms in (2.36) can
be rewritten (for ǫ+ = ǫ− = ǫ) as
1
2π
1
4
∫
∂Σ
dx0
{
ǫ
(
− g(∂A0 φ,ψ− − ψ+)− iω(∂A0 φ,ψ− + ψ+)
− g(∂A1 φ,ψ− + ψ+)− iω(∂A1 φ,ψ− − ψ+)
− Re(σa)g(e˜a, ψ+ − ψ−)− iRe(σa)ω(e˜a, ψ+ + ψ−)
− iIm(σa)g(e˜a, ψ+ − ψ−) + Im(σa)ω(e˜a, ψ+ + ψ−)
+ 2B(∂A0 φ,ψ− + ψ+)− 2iω−1(g(ψ− − ψ+), B∂A0 φ)
)
+ c.c.
}
(5.106)
(where g(X,Y ) = gIJX
IY J , ω(X,Y ) = ωIJX
IY J , B(X,Y ) = BIJX
IY J and ω−1(X,Y ) =
ωIJXIYJ), which vanishes using A1a = 0 as well as the conditions that ∂0φ
I , ψI−+ψ
I
+ and
e˜Ia are tangent to γ while ∂1φ
I and ψI− − ψI+ are normal to γ, together with the condition
that B|γ = 0.59
Next, we consider the terms proportional to (φ∗µa + ra) and θa in (2.35), as well as
the term proportional to φ∗Ca in (2.36). Now, on a G-invariant Lagrangian submanifold,
we have ωIJ e˜
I
aT
J = 0 for any tangent vector T . Using (2.16), this implies ∂JµaT
J = 0,
i.e., µ ought to be a constant along γ [29]. Moreover, gauge invariance of the pull-back of
this condition to ∂Σ requires that the constant be an element of [g, g]0, via the identity
αbLe˜bµa = [α, µ]a [29]. Choosing the constant to be
µa = −ra, (5.107)
we find that the terms proportional to (φ∗µa + ra) in (2.35) vanish. Analogously, the fact
that BIJ e˜
I
aT
J = 0 along γ implies that C ought to be a constant element of [g, g]0 along
γ. Choosing the constant to be
Ca = θa, (5.108)
we find that the remaining term in (2.35) and the remaining term in (2.36) cancel. Note
that the boundary conditions (5.100) together with the constraint (5.108) preserve the
locality of the equations of motion for vector multiplet components.
Finally, we consider a boundary action. We note that the boundary action (5.71) for
CPN−1 is an example of the GNLSM generalization of the NLSM boundary Wilson line
59Recall that for a tangent vector, T , and normal vector, N , of a Lagrangian submanifold, γ, of the
Ka¨hler manifold X, we have ω(T, T ) = ω(N,N) = 0. Also, ω−1(gN,BT ) = 0 means that the restriction of
B to (Tγ)◦ × Tγ vanishes, where (Tγ)◦ is the subspace of TX orthogonal to Tγ with respect to ω. When
γ is a Lagrangian submanifold, then (Tγ)◦ = Tγ, and B vanishes when restricted to γ.
– 70 –
(5.4). Hence, for general GNLSMs the boundary action ought to be
S∂Σ =
∫
∂Σ
dx0AXM∂
A
0 φ
M
=
∫
∂Σ
dx0
(
AXM∂0φ
M − R˜aAa0
) (5.109)
where AX corresponds to a G-invariant (Le˜AX=0) connection of a flat (FXMN = 0) U(1)
bundle on each A-brane, and where R˜a = −ιe˜aAX (we shall use (M,N, . . .) as coordinate
indices on the A-branes).60 Gauge invariance of this boundary action follows from the
equivariant Bianchi identity
dR˜ = ιe˜F
X , (5.110)
and this implies that each A-brane supports a flat, G-equivariant U(1) bundle, for which
R˜a is the moment.
61 Its supersymmetry variation is
δS∂Σ = −
∫
∂Σ
dx0R˜a(
i
2
(ǫ(λ
a
+ + λ
a
−) + ǫ(λ
a
+ + λ
a
−))), (5.111)
where we have used (5.110). Just like in the CPN−1 case, we require that this cancels the
C-term in (2.36) and the θa-term in (2.35), i.e., we require that
2πR˜a = −θa + Ca (5.112)
on γ, the pull-back of which is a gauge invariant condition on ∂Σ. This modification of
(5.108) (together with the boundary conditions (5.100)) also preserves the locality of the
equations of motion for vector multiplet components, just like in the example of CPN−1.
In conclusion, we find that in general,
Equivariant A-branes are G-invariant Lagrangian submanifolds of X, which support G-
equivariant flat U(1) bundles, and on which the restriction of the B-field vanishes.
This implies that they are objects in the G-equivariant Fukaya category of X, by general-
izing the definition of the equivariant Fukaya category for finite groups ([26], page 68) to
any compact Lie group G. As mentioned in Section 5.2, Kapustin et al. ([14], page 58)
have conjectured that the category of G-equivariant A-branes is some sort of G-equivariant
version of the Fukaya category. Hence, we have further verified their conjecture for non-
abelian G. Fully proving their conjecture would require constructing the other objects in
the category, which correspond to Lagrangian submanifolds that support equivariant flat
unitary vector bundles, and these should correspond to the insertion of certain G-invariant
Wilson lines in the path integral.
60Note that the inclusion of this boundary action does not modify the constraints (5.102), since it
vanishes under arbitrary variations of φM because FMN = 0.
61Note that gauge invariance of the boundary action requires the use of the identity αbLe˜b R˜a = [α, R˜]a.
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6 Open Hamiltonian Gromov-Witten Invariants
In this section, we shall use equivariant A-branes to define open Hamiltonian Gromov-
Witten invariants. We shall first study the nonabelian open Hamiltonian Gromov-Witten
invariants via the open topological gauged A-model, using the boundary conditions and
boundary term we have found in Section 5.5. In the final two subsections, we shall fo-
cus on investigating the abelian open Hamiltonian Gromov-Witten invariants via mirror
symmetry.
6.1 Open Topological Gauged A-model
The closed topological gauged A-model was introduced by Baptista [3], and in the following
we shall generalize it to the case with boundaries, i.e., the open topological gauged A-
model. This involves analytically continuing the Minkowski strip to the Euclidean one,
subsequently twisting the fields in the action (2.4) + (2.19) as well as its supercharges using
their vector R-charges, and imposing the appropriate boundary conditions (found in Section
5.5) which are supersymmetric with respect to the scalar supercharge QA = Q−+Q+. We
also include the gauge invariant boundary term (5.109).
The twisted fields are redefined as follows:
χk =
√
2ψk− ψ
a
z = (−iλa−)/
√
2 (6.1)
χk =
√
2ψ
k
+ ψ
a
z¯ = (iλ
a
+)/
√
2
ϕa = − i2σa ρkz¯ =
√
2ψk+
ξa = σa/4 ρkz =
√
2ψ
k
−
ηa = −i(λa− + λa+)/(2
√
2) κa = i(λ
a
− − λa+)/
√
2
Hkz¯ = 4idAz¯ φk + 2(F k − Γkijψi+ψj−) Ca = 2(FA)a12 + 2Da ,
where the fields are now sections of the following bundles
χ ∈ Ω0−(Σ;φ∗ ker dπE) ϕ, ξ, C ∈ Ω0+(Σ; gP ) (6.2)
ρ ∈ Ω0,1− (Σ;φ∗ ker dπE) η, κ ∈ Ω0−(Σ; gP ) (6.3)
H ∈ Ω0,1+ (Σ;φ∗ ker dπE) ψ ∈ Ω1−(Σ; gP ) , (6.4)
with the remaining ‘barred’ fields being interpreted as the local complex conjugates of the
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ones above. The action of the open gauged A-model is then62
SA =
1
2π
∫
Σ
{ 1
2e2
|FA|2 + |dAφ|2 + 1
2
e2|µ ◦ φ+ r|2 + i
e2
(∇Aϕ,∇Aξ) + 1
2e2
|[ϕ, ξ]|2
+
1
2e2
[ϕ, η]aη
a − 1
8e2
[ϕ, κ]aκ
a − 1
2e2
|1
2
C − ∗FA − e2 (µ ◦ φ+ r)|2
− 1
4
|H − 4i∂Aφ|2 + igjk(ϕaξb + ϕbξa)e˜ja e˜
k
b + 2igjk(∇le˜ja)ξaχlχk
+ igjk(η
a +
1
2
κa) e˜
k
a χ
j + igjk(η
a − 1
2
κa) e˜ja χ
k
}
volΣ
+
1
2π
∫
Σ
{ i
e2
ηa∇A ∗ ψa − 1
2e2
κa∇Aψa − i
8
Rikm(ρ
i ∧ ρ)χkχm
+
i
e2
ξa[ψ, ∗ψ]a + 1
2
gjk ρ
j ∧ (φ∗∇A)χk + 1
2
gjk ρ
k ∧ (φ∗∇A)χj
+
i
8
gjkϕ
a(∇le˜j)ρl ∧ ρk + 1
2
gjk e˜
j
a ψ
a ∧ ρk + 1
2
gjk e˜
k
a ψ
a ∧ ρj
}
+
1
2π
i
(∫
Σ
φ∗B −
∫
∂Σ
φ∗CaA
a
)
+
1
2π
i
∫
Σ
(θ, FA)− i
∫
∂Σ
AXMd
AφM ,
(6.5)
where FA is the curvature two-form of the connection A = Aµdx
µ, and the measure on the
worldsheet is volΣ = dx∧dτ = i2dz∧dz¯.63,64 The fields C and H are auxiliary fields, which
can be integrated out of the action using their equations of motion
Ca = 2 ∗ F aA + 2e2 (µa ◦ φ+ ra) (6.6)
Hkz¯ = 4idAz¯ φk . (6.7)
The supersymmetry transformations generated by the scalar supercharge QA = Q− +
Q+ on the new fields follow from the supersymmetry transformations (2.31) and (2.32),
with ǫ+ = ǫ¯− =
√
2 and ǫ− = ǫ¯+ = 0, which gives
QA φ
k = χk QAA = ψ (6.8)
QA χ
k = ϕae˜ka QA ψ = −∇Aϕ
QA ξ = η QA κ = C
QA η = [ϕ, ξ] QA C = [ϕ, κ]
QA ρ
k = Hk − Γkijχiρj QA ϕ = 0
QAHk = −Rilmgkχlχmρi − ΓkjlHjχl + ϕa(∇j e˜ka)ρj .
62Here, we follow the notation of [3].
63We recall at this point that when G = G1×G2×G3 . . ., each factor Gi has its own coupling constant,
ei. In the G = U(1)
k case that we have focused on in the previous section, each U(1) factor had its own
coupling constant, previously denoted e˜c.
64Note that we have performed integration by parts to undo the symmetrized form of the fermionic
kinetic terms present in (2.4), which is no longer necessary since a Euclidean action is not real. The
resulting boundary terms vanish using boundary conditions found in Section 5.5. For the case of CPN−1
which we studied extensively in the previous section, the relevant boundary conditions (given in (5.63) and
(5.57)) are κa = 0, ψ
a
z + ψ
a
z¯ = 0, Z
i
χi + Ziχi = 0 and Z
i
ρiz¯ + Z
iρiz = 0.
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The action (6.5) is in fact QA-exact up to topological terms,
SA = QAΨ +
1
2π
∫
Σ
φ∗([ηω] + i[ηB ]) +
1
2π
i
∫
Σ
(θ, FA)− i
∫
∂Σ
AXMd
AφM (6.9)
with gauge fermion
Ψ =
1
2π
∫
Σ
{ 1
2e2
κa(∗FA + e2(µ ◦ φ+ r))a − 1
8e2
κaCa + 1
2e2
ηa[ϕ, ξ]
a + igjk ξ
a(e˜ja χ
k + e˜
k
a χ
j)
}
volΣ
+
1
2π
∫
Σ
{ i
e2
ξa(∇A ∗ ψa)− i
16
gjk ρ
k ∧ (H− 8i∂Aφ)j + i
16
gjk ρ
j ∧ (H− 8i∂Aφ)k
}
,
where we have performed integration by parts in (6.5) such that ∇Aµϕa∇Aµξa becomes
−ξa∇Aµ∇Aµϕa. The resulting boundary term vanishes using the boundary conditions
∂1ϕa = 0 and A1a = 0 found in Section 5.5.
Let us elucidate the first topological term of (6.9). Here, [ηω] and [ηB ] are the coho-
mology classes in H2(E) represented by the two-forms
ηω(A) = ω − d((µa + ra)Aa) ∈ Ω2(P ×X) ,
ηB(A) = B − d(CaAa) ∈ Ω2(P ×X) ,
(6.10)
both of which descend to E = P×GX. In particular, this term is topological since
∫
Σ φ
∗[ηω]
and
∫
Σ φ
∗[ηB ] do not change under deformations of the map φ, since the pull-back map
is always homotopy invariant. In addition, the cohomology classes [ηω] and [ηB ] are the
pull-backs of the equivariant cohomology classes in H2G(X) represented by ω− (µ+ r) and
B − C.65
The open gauged A-model is topological as a quantum theory,66 and in order to con-
sistently quantize such a gauge theory, one ought to perform BRST gauge-fixing, which
involves the inclusion of Faddeev-Popov ghost fields in the action. This can be done
straightforwardly, and we shall not write down the gauge-fixing action, SBRST , explicitly.
However, the open gauged A-model is anomalous, and in Section 6.4, we shall compute
this anomaly by canonically quantizing the gauged Landau-Ginzburg mirror of the abelian
open gauged A-model. Notably, in the process we shall describe SBRST for abelian gauge
groups in detail.
6.2 Observables and Open Hamiltonian Gromov-Witten Invariants
A canonical set of bulk observables of the closed gauged A-model were described in [3], with
the path integrals over these observables eventually argued to be equal to the Hamiltonian
Gromov-Witten invariants. In this section, we shall recall the description of these bulk
observables, as well as introduce boundary observables which are defined with respect to
the topology of the equivariant A-branes.
65This follows because H2G(X) = H
2(EG ×G X), and since P ×G X → Σ is the pull-back bundle of
EG×G X → BG via a map U : Σ→ BG, where EG→ BG is the universal bundle [30].
66In particular, the correlation functions of the theory are invariant under diffeomorphisms of the world-
sheet, e.g., transforming it from a strip to a disk.
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In the ordinary open A-model, one can construct bulk observables from the de Rham
cohomology classes of the target X, as well as construct boundary observables from the de
Rham cohomology classes of the A-branes, which wrap the subspaces of X (i.e., Lagrangian
submanifolds) to which boundaries of the worldsheet are mapped. For the open gauged A-
model, one uses the G-equivariant cohomology classes of X to define bulk operators, as well
as the G-equivariant cohomology classes of the equivariant A-branes to define boundary
operators.
The G-equivariant cohomology classes of a manifold, M , are defined using the G-
equivariant complex Ω•G(M), which is the set of G-invariant elements in the tensor product
S•(g∗)⊗ Ω•(M), with S•(g∗) being the symmetric algebra of the dual of g.
For M = X, an equivariant form, α, can be written on a local patch of X as
α = αa1···ark1···kpl1···lq(w) ξ
a1 · · · ξar dwk1 ∧ · · · ∧ dwkp ∧ dwl1 ∧ · · · ∧ dwlq , (6.11)
where (wki , wli) are the coordinates on the patch. The coefficients αa1···ark1···kpl1···lq are
symmetric with respect to the indices ai, and antisymmetric with respect to the indices ki
and li. Such a local form can be associated with a bulk operator Oα in the open gauged
A-model,
Oα = (αa1···ark1···kpl1···lq ◦ φ)
 r∏
j=1
(ϕ+ ψ − FA)aj
[ p∏
i=1
(χki − dAφki)
][
q∏
i=1
(χli − dAφli)
]
.
(6.12)
This correspondence holds globally on X. Moreover, we have
(dΣ +QA) Oα = OdGα , (6.13)
where dΣ is the exterior derivative on the open worldsheet, Σ, while dG = 1⊗d+ea⊗ ιe˜a is
the Cartan operator defined on Ω•G(X). Oα can be decomposed with respect to the form
degree on the worldsheet,
Oα = O(0)α + O(1)α + O(2)α ,
where, in particular,
O(0)α = (αa1···ark1···kpl1···lq ◦ φ)
 r∏
j=1
ϕaj
( p∏
i=1
χki
)(
q∏
i=1
χli
)
, (6.14)
is a local operator.
If we assume that dGα = 0, then (6.13) splits into the descent equations
dΣ O(2)α = 0 (6.15)
dΣ O(1)α = − QA O(2)α (6.16)
dΣ O(0)α = − QA O(1)α (6.17)
QA O(0)α = 0. (6.18)
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For a closed worldsheet, Σ, if β is a j-dimensional homology cycle in Σ, one could define
the QA-invariant operators
W (α, β) :=
∫
β
O(j)α .
However, there are no 2-cycles on an open worldsheet. Hence, O(2)α ought to be integrated
over the entire open worldsheet, and it is necessary for QA-invariance of O(2)α that O(1)α = 0
at the boundaries.
For M = L, where L is an equivariant A-brane (to which a boundary component ∂ΣL
is mapped), an equivariant form, ζ, can be written on a local patch of L as
ζ = ζa1···arm1···ms(u) ξ
a1 · · · ξar dum1 ∧ · · · ∧ dums , (6.19)
where umi are the coordinates on the patch. The coefficients ζa1···arm1···ms are symmetric
with respect to the indices ai, and antisymmetric with respect to the indices mi. Such a
local form can be associated with a boundary operator Oζ |∂ΣL in the open gauged A-model,
Oζ |∂ΣL = (ζa1···arm1···ms ◦ γ)
 r∏
j=1
(ϕ+ ψ|∂ΣL)aj
[ s∏
i=1
((QAγ)
mi − dAγmi)
]
, (6.20)
where γ is a section γ : ∂ΣL → EL of the associated bundle EL = P∂ΣL ×G L (which looks
like a map γ : ∂ΣL → L locally on ∂ΣL), where P∂ΣL is the principal G-bundle over ∂ΣL,
and where ψ|∂ΣL is the restriction of ψ to the boundary in question. In particular, we have
(d∂ΣL +QA) Oζ = OdGζ , (6.21)
where d∂ΣL is the exterior derivative on the worldsheet boundary ∂ΣL, while dG is the
Cartan operator defined on Ω•G(L). Just like bulk operators, Oζ can be decomposed with
respect to the form degree on the worldsheet boundary,
Oζ = O(0)ζ + O(1)ζ ,
If it is assumed that dGζ = 0, then (6.21) splits into the descent equations
d∂ΣL O(1)ζ = 0 (6.22)
d∂ΣL O(0)ζ = − QA O(1)ζ (6.23)
QA O(0)ζ = 0, (6.24)
where, for example,
O(0)ζ = (ζa1···arm1···ms ◦ γ)
 r∏
j=1
ϕaj
( s∏
i=1
(QAγ)
mi
)
. (6.25)
Thus, if ν is a j-dimensional homology cycle in ∂ΣL,
67 one can then define the QA-invariant
operators
W∂ΣL(ζ, ν) :=
∫
ν
O(j)ζ . (6.26)
67For j = 1, ν is taken to be ∂ΣL, which is also the appropriate choice for noncompact boundaries.
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The most general correlation function based on the above bulk and boundary operators
can then be written down (for Σ = I × R) as the following path integral∫
D(A,φ, ϕ, ξ, ρ, η, κ, ψ, χ, b, c) e−(SA+SBRST )
∏
i
W (αi, γi)
∏
j
W∂Σ0(ζj , νj)
∏
k
W∂Σπ(ζ
′
k, ν
′
k) ,
(6.27)
where b and c are ghost fields which appear in SBRST .
Before proceeding, we shall return to our example of X = CPN−1, where any equiv-
ariant A-brane wraps a Lagrangian submanifold TN−1. Here, we note that
QAγ
i = QA
(log Zi − log Zi)
2i
=
1
2i
(χi
Zi
− χ
i
Z
i
)
=
1
2i|Zi|2
(
χiZ
i − χiZi
)
(6.28)
is well-defined (since |Zi|2 = ci/cN at the boundaries), and is nonzero since the only
fermionic Dirichlet boundary condition involving χi and χi is (Z
i
χi+Ziχi) = 0 (c.f. (5.63)).
In addition, the boundary conditions (5.63) imply that dAγi is nonzero at the boundaries.
Moreover, the boundary condition (λ˜+c − λ˜−c) = 0 translates to (ψzc + ψz¯c) = ψ1c = 0,
and ψc|∂Σ = i(ψzc − ψz¯c)dx2 = ψ2cdx2 is nonzero and well-defined. Finally, the boundary
condition for ϕc is ∂1ϕc = 0 (which comes from ∂1σ˜c = 0), and thus, ϕc is nonzero at the
boundaries. Hence, boundary operators of the form (6.20) are nonzero and well-defined.
Now, any supersymmetric path integral localizes to the bosonic field configurations
that are fixed points of the supersymmetry [7]. For the open gauged A-model, these field
configurations can be read from the QA variations of the fermionic fields in (6.8), after
integrating out the auxiliary fields. They correspond to the solutions of
∂
A
φ = 0 (6.29)
∗ FA + e2(µ ◦ φ+ r) = 0
∇Aϕ = ϕa(e˜a ◦ φ) = 0 .
The first two equations are known as the symplectic vortex equations on an infinite
strip, and were introduced by Cieliebak et al. in [29], and are a generalization of the typical
Nielsen-Olsen vortex equations on a strip. In what follows, we shall refer to them as the
open symplectic vortex equations. The last two equations are non-trivial, but in most
interesting cases that we will consider have the trivial solution ϕ = 0 [3], and therefore
we can ignore them in these cases. For the first two equations of (6.29), the boundary
condition used by Cieliebak et al. on the strip was that each boundary component of the
strip was mapped to a G-invariant Lagrangian submanifold of X, and this is precisely the
boundary condition we found in Section 5.5. In addition, for the second equation, we have
found the boundary conditions A1a = 0, ∂1A0a = 0 and µa = −ra. For the example of
X = CPN−1, the open symplectic vortex equations read
∂Az¯ Z
i = 0
∗ F˜Ac + e˜2c(µ˜c ◦ Z + r˜c) = 0.
(6.30)
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Recall that the boundary conditions in this case are Lagrangian boundary conditions for
Zi which map each boundary to a U(1)N−1-invariant Lagrangian torus TN−1 as well as
µ˜c = −r˜c and ∗F˜Ac = 0.
The localization of supersymmetric path integrals of the form (6.27) thus reduce them
to ordinary integrals of differential forms over the moduli spaces of open symplectic vortices,
which are the spaces of solutions to the open symplectic vortex equations up to gauge
equivalence. These moduli spaces are finite-dimensional, though they may be noncompact
and contain singularities. The (infinite-dimensional) path integrals thus reduce to finite-
dimensional integrals, which are well-defined mathematically (modulo issues related to
the aforementioned noncompactness and singularities of the moduli spaces). These finite-
dimensional integrals give us numbers which can be identified with the open version of the
Hamiltonian Gromov-Witten invariants of X in [29, 31, 32].
We note that in the limit where e2 → +∞, a dynamically gauged sigma model with
target X flows to an ordinary sigma model with target X//G [3]. Hence, in analogy with the
closed case [33], it is predicted that there is a relationship between the open Hamiltonian
Gromov-Witten invariants of X and the open Gromov-Witten invariants of X//G [34].
6.3 Dimension of Moduli Space of Open Symplectic Vortices and R-anomaly
The boundary axial R-anomaly has been previously used to compute the dimension of
moduli spaces of holomorphic maps from an open Riemann surface to a Ka¨hler manifold
whereby the boundaries are mapped to Lagrangian submanifolds [7]. One can also compute
the dimension of moduli spaces of symplectic vortices on a closed Riemann surface [3].
Using insights from these results, we may attempt to compute the boundary axial R-
anomaly for the open gauged A-model and find the dimension of a moduli space of open
symplectic vortices on an open Riemann surface. In what follows, we shall assume that we
have a compact open Riemann surface, Σ, with arbitrary genus and an arbitrary number
of boundary circles.
The axial R-anomaly can be deduced by investigating the zero-modes of the fermionic
fields via their kinetic terms
1
2π
∫
Σ
dz∧ dz¯
(
i
e2
1√
2
λa∇Az ψaz¯ +
i
e2
1√
2
λa∇Az¯ ψaz −
1
2
gjkρ
j
z¯(φ
∗∇A)zχk+ 1
2
gjk ρ
k
z(φ
∗∇A)z¯χj
)
,
(6.31)
where we have defined the fields
λa =
i2
√
2ηa + i
√
2κa
2
λa =
i2
√
2ηa − i
√
2κa
2
.
(6.32)
In order to evaluate the anomaly, we ought to double the open worldsheet as well as
the bundles on it, as in [7], in order to form a closed worldsheet, on which the indices of the
relevant operators can be evaluated. This is done by taking the metric on the worldsheet
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close to each component of ∂Σ to be that of a flat cylinder, and gluing Σ with its orientation
reversal, Σ∗. The resulting closed Riemann surface is denoted Σ#Σ∗.
The corresponding bundles over Σ and Σ∗ shall be glued using the relevant boundary
conditions. To demonstrate this, let us first consider the index of the twisted Dirac operator
D˜ which acts on the fermionic fields in the first two terms in the parantheses of (6.31),
Index D˜ = #[(ψz , ψz¯) zero modes]−#[(λ, λ) zero modes]. (6.33)
The boundary conditions (c.f. Section 5.5) for these fermionic fields are
ψaz = −ψaz¯
λa = λa.
(6.34)
Now, let us consider λa and ψ
a
z as fields on Σ, and λa and −ψaz¯ as fields on Σ∗. By
the boundary conditions above, λa on Σ and λa on Σ
∗ continuously glue along ∂Σ, and
define a continuous section of gP#gP which we denote λa#λa. Likewise, ψ
a
z and −ψaz¯
define a continuous section ψaz#(−ψaz¯ ) of (gP#gP ) ⊗KΣ#Σ∗ . Then, if ∇Az¯ λa = 0, λa#λa
is holomorphic on Σ ⊂ Σ#Σ∗. If ∇Az λa = 0, λa is holomorphic on Σ∗ due to orientation
reversal, and hence λa#λa is holomorphic on Σ
∗ ⊂ Σ#Σ∗. Thus, if ∇Az¯ λa = 0 on Σ and
∇Az λa = 0 on Σ∗, then λa#λa is entirely holomorphic on Σ#Σ∗.
Similarly, if ∇Az¯ ψaz = 0 on Σ and ∇Az ψaz¯ = 0 on Σ∗, then ψaz#(−ψaz¯ ) is entirely holo-
morphic on Σ#Σ∗. This implies that the index of D˜ is the index of the Dolbeault operator
of (gP#gP ), i.e.,
Index D˜ = dim H0(Σ#Σ∗, gP#gP )− dim H0(Σ#Σ∗, (gP#gP )⊗KΣ#Σ∗)
= c1(gP#gP ) + dim(G)(2 − 2g − h)
(6.35)
where g is the genus and h is the number of boundary circles of the worldsheet Σ. For
compact G, c1(gP#gP ) = 0.
The index for the twisted Dirac operator D˜′ which acts on the fermionic fields in the
last two terms in the parantheses of (6.31),
Index D˜′ = #[(χ, χ) zero modes]−#[(ρz, ρz¯) zero modes], (6.36)
can analogously be determined.68 Before A-twisting, we found boundary conditions (c.f.
Section 5.5) which map each boundary to a G-invariant Lagrangian submanifold, L. In
what follows, we shall assume each boundary component is mapped to the same Lagrangian
submanifold. In other words, at ∂Σ, the scalar fields φI constitute a section φ : ∂Σ → EL
of the associated bundle EL = P∂Σ ×G L. We shall fix a bosonic background of the open
Riemann surface Σ, i.e., a map
φ : (Σ, ∂Σ)→ (P ×G X,P∂Σ ×G L). (6.37)
68Setter [16] studied a specialized version of the non-dynamical open U(1)-gauged A-model, where the
gauge field is the spin connection on the open Riemann surface, and performed a similar anomaly compu-
tation. In comparison, we are considering a dynamically gauged theory with arbitrary compact nonabelian
gauge group.
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Next, recall from Section 2 that before A-twisting, the matter fermionic fields are the
sections Ψ± ∈ Γ(Σ;S± ⊗ φ∗ ker dπE).69 The boundary conditions for the fermion fields
were stated in Section 5.5 for a Minkowski worldsheet as (ΨI− + Ψ
I
+) is tangent to L and
(ΨI− − ΨI+) is normal to L. This can be restated for a Euclidean worldsheet. First, as in
[7], the spin bundles of opposite chirality (S+ and S−) can be identified at each boundary.
Then, the boundary condition can be written succinctly as
τ(Ψ−) = Ψ+, (6.38)
where the map τ : ker dπE |L → ker dπE |L is the identity on ker dπEL → EL (which looks
like TL on a local patch of ∂Σ), and is (−1)× the identity on ker dπEL |⊥ → EL (which
looks like NL on a local patch of ∂Σ).70
Next, ΨI± is decomposed into ψ
i
± and ψ
ı
±, which are valued in φ
∗ker dπ
(1,0)
E (which
looks like φ∗T (1,0)X locally on Σ) and φ∗ker dπ
(0,1)
E (which looks like φ
∗T (0,1)X locally on
Σ), respectively.71 The map τ acts linearly on ker dπ
(1,0)
E |L ⊕ ker dπ(0,1)E |L, whereby the
(1, 0) and (0, 1) components are exchanged. The reason for this is that if t ∈ ker dπEL ,
then Jt ∈ ker dπEL |⊥, and therefore τ : (t− iJt) ∈ ker dπ(1,0)E |L → (t+ iJt) ∈ ker dπ(0,1)E |L
(this follows from the definition of τ below (6.38)). Hence,
τ : φ∗ker dπ
(1,0)
E |∂Σ → φ∗ker dπ(0,1)E |∂Σ. (6.39)
The boundary condition (6.38) can then be written as
τ(ψ−) = ψ+, τ(ψ−) = ψ+. (6.40)
After A-twisting, these become
τ(χ) = χ, τ(ρz) = ρz¯. (6.41)
These boundary conditions are analogous to those given in (6.34), and can be used to
continuously glue φ∗ker dπ
(1,0)
E over Σ with φ
∗ker dπ
(0,1)
E over the orientation reversal Σ
∗,
by considering χ and ρz as fields on Σ and χ and ρz¯ as fields on Σ
∗. In this way, we obtain a
continuous section of φ∗ker dπ
(1,0)
E #φ
∗ker dπ
(0,1)
E (denoted χ#χ) and a continuous section
of (φ∗ker dπ
(1,0)
E #φ
∗ker dπ
(0,1)
E )
∗ ⊗KΣ#Σ∗ (denoted ρz#ρz¯).
Now, if φ∗∇Az¯ χ = 0, χ#χ is holomorphic on Σ ⊂ Σ#Σ∗, and if φ∗∇Az χ = 0, χ#χ
is holomorphic on Σ∗ ⊂ Σ#Σ∗ due to orientation reversal. Hence, if φ∗∇Az¯ χ = 0 and
φ∗∇Az χ = 0, then χ#χ is entirely holomorphic on Σ#Σ∗. Analogously, if φ∗∇Az¯ ρz = 0 and
69For this subsection, we shall follow the real notation of [7] whereby ψI± is written as Ψ
I
±.
70The vector bundle ker dπEL → EL is the kernel of the derivative dπEL : TEL → T∂Σ, while the
vector bundle ker dπEL |⊥ → EL is the orthogonal complement of ker dπEL in ker dπE |L, i.e., ker dπE|L =
ker dπEL ⊕ ker dπEL |⊥, which looks like TX|L = TL⊕NL locally on ∂Σ. The orthogonal complement is
defined with respect to the metric on ker dπE, which is inherited from the metric on X ([16], Appendix C).
71The vector bundle ker dπE inherits a complex structure from that of X ([16], Appendix C), and
therefore its complexification can be decomposed into holomorphic and antiholomorphic subbundles as
ker dπE ⊗ C = ker dπ
(1,0)
E ⊕ ker dπ
(0,1)
E .
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φ∗∇Az ρz¯ = 0, ρz#ρz¯ is entirely holomorphic on Σ#Σ∗. This implies that the index of D˜′ is
the index of the Dolbeault operator of φ∗ker dπ
(1,0)
E #φ
∗ker dπ
(0,1)
E , i.e.,
Index D˜′ = dim H0(Σ#Σ∗, E#E∗)− dim H0(Σ#Σ∗, (E#E∗)∗ ⊗KΣ#Σ∗)
= c1(φ
∗ker dπ
(1,0)
E #φ
∗ker dπ
(0,1)
E ) + rank(φ
∗ker dπ
(1,0)
E )(2− 2g − h),
(6.42)
where E = φ∗ker dπ(1,0)E .
In addition, we note that the map τ is associated with the orthogonal decomposition
(φ∗ker dπ
(1,0)
E )|L = φ∗[ker dπEL ](1,0) ⊕ iφ∗[ker dπEL ](1,0), (6.43)
which is obtained from (φ∗ker dπE)|L = φ∗ker dπEL ⊕ φ∗ker dπEL |⊥ via the projection
(1− iJ) : φ∗ker dπE → φ∗ker dπ(1,0)E . Following the general argument in [7], this allows us
to identify c1(φ
∗ker dπ
(1,0)
E #φ
∗ker dπ
(0,1)
E ) with µ(φ
∗ker dπ
(1,0)
E , φ
∗[ker dπEL ]
(1,0)) which is
known as the Maslov index of the pair (φ∗ker dπ
(1,0)
E , φ
∗[ker dπEL ]
(1,0)). Thus, we obtain
Index D˜′ = µ(φ∗ker dπ(1,0)E , φ∗[ker dπEL ](1,0)) + dimC(X)(2 − 2g − h), (6.44)
where we have used rank(φ∗ker dπ
(1,0)
E ) = dimC(X).
We find from (6.35) and (6.44) that for compact G, the axial R-anomaly is
µ(φ∗ker dπ
(1,0)
E , φ
∗[ker dπEL ]
(1,0)) + (dimC(X) + dim(G))(2 − 2g − h). (6.45)
Hence, in order for correlation functions to be nonzero, an appropriate number of boundary
operators with suitable axial R-charges should be inserted into the path integral, such that
axial R-symmetry is preserved at the boundaries.
The virtual real dimension of the moduli space of open symplectic vortices is given by
the difference of (6.44) and (6.35) for compact G, which is
µ(φ∗ker dπ
(1,0)
E , φ
∗[ker dπEL ]
(1,0)) + (dimC(X)− dim(G))(2 − 2g − h). (6.46)
The reason for this is that the linearized operator (whose index is the dimension of the mod-
uli space [4]) one derives from the symplectic vortex equations is a compact perturbation
of the direct sum of the operator φ∗∇Az¯ (which has the same index as D˜′) and an operator
whose index can be evaluated to be −χΣdim G [32], where χΣ = 2−2g−h is the Euler char-
acteristic of Σ. The Maslov index in (6.45) and (6.46) can be regarded as the equivariant
Maslov index for the pair (X,L), since for trivial G it reduces to µ(φ∗T (1,0)X,φ∗[TL](1,0)).
6.4 Qˆ2A 6= 0 Anomaly
We have previously defined open Hamiltonian Gromov-Witten invariants as integrals over
the moduli spaces of open symplectic vortices. However, as mentioned, we have in fact
ignored problems related to singularities in such a moduli space. In particular, we have
ignored the singular boundary strata which have codimension one in the moduli space,
which occur due to disk bubbling [35]. This phenomenon obstructs integration over the
moduli space.
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This is also a problem for ordinary open Gromov-Witten invariants, since disk bub-
bling also causes singular codimension one boundary strata in the moduli spaces of open
worldsheet instantons of the non-gauged open A-model [36]. Disk bubbling manifests it-
self in the open A-model as a nonpertubative instanton effect which causes the violation
of the nilpotency of the scalar supercharge, i.e., Q2A 6= 0 ([7], page 833). Moreover, this
anomaly of the supersymmetry algebra also spoils the cohomological structure of the space
of supersymmetric ground states of the open A-model, which are identified with elements
of the Floer cohomology group for a pair of intersecting Lagrangian submanifolds. In
fact, the anomaly implies that there are no supersymmetric ground states, and therefore
supersymmetry is broken.
Now, the fact that open symplectic vortices are open worldsheet instantons when G
is trivial means that open symplectic vortices cause Q2A 6= 0 and therefore supersym-
metry breaking, for trivial G. Thus, for nontrivial G, we expect that open symplectic
vortices will cause an analogous effect in the open G-gauged A-model, i.e., Qˆ2A 6= 0 (where
QˆA = QA+QBRST , with QBRST being the BRST charge), indicating singular codimension
one boundary strata in the moduli spaces of open symplectic vortices, and implying that
the supersymmetric ground states of the open gauged A-model (which we expect to be el-
ements of the vortex Floer cohomology group [29, 37] for a pair of G-invariant Lagrangian
submanifolds) would not only lose their cohomological structure, but would cease to be
supersymmetric, implying supersymmetry breaking.
For the non-gauged open A-model, it is difficult to directly compute the violation of
Q2A = 0 in general; one can only do so for specific examples, e.g., X = S
2 [27]. Fortu-
nately, at least for toric manifolds with c1(X) ≥ 0, one is able to use the mirror theory
to compute this violation in general (and identify the condition whereby it vanishes) via
canonical quantization, as shown by Hori [7, 27]. The condition found was that for a pair
of Lagrangian submanifolds supporting flat U(1) bundles, the Q2A 6= 0 anomaly vanishes if
and only if the value of the superpotential on the mirror B-branes match each other, and
in such a case supersymmetry is manifest.
It is thus natural to investigate the Qˆ2A 6= 0 anomaly due to open symplectic vortices
in the open gauged A-model via canonical quantization of its mirror theory. We shall
do this for toric target spaces X = CN//U(1)N−k , i.e., by topologically A-twisting the
U(1)k-GNLSM on an infinite strip whose boundaries are mapped to different equivariant
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A-branes in X,72 whose mirror (c.f. Section 5.4) has the (Euclidean) action
SE =
1
2π
∫
d2x
[ k∑
c
k∑
d
(gcd∂µθc∂
µθd − i
2
gcdχ
θ
−c(
←→
∂+)χ
θ
−d −
i
2
gcdχ
θ
+c(
←→
∂−)χ
θ
+d − gcdEθcEθd)
+
k∑
c
1
2e˜2c
(
(F˜12c)
2 + ∂µσ˜c∂
µσ˜c − (D˜c)2 − i
2
λ˜+c(
←→
∂−)λ˜+c − i
2
λ˜−c(
←→
∂+)λ˜−c
)
−1
2
( N∑
j
k∑
c
k∑
d
Q˜jcv
j
d(σ˜cE
θ
d − iλ˜+cχθ−d − iλ˜−cχθ+d + (D˜c − F˜12c)θd) +
k∑
c
(
N∑
j
Q˜jcsˆ
j − t˜c)(D˜c − F˜12c)
+
N∑
j
e−
∑
c v
j
cθc−sˆj (−
k∑
c
vjcχ
θ
+c
k∑
d
vjdχ
θ
−d −
k∑
c
vjcE
θ
c )
+
N∑
j
k∑
c
k∑
d
Q˜jcv
j
d(σ˜cE
θ
d − iλ˜+cχθ−d − iλ˜−cχθ+d + (D˜c + F˜12c)θd) +
k∑
c
(
N∑
j
Q˜jcsˆ
j − t˜c)(D˜c + F˜12c)
+
N∑
j
e−
∑
c v
j
cθc−sˆ
j
(−
k∑
c
vjcχ
θ
−c
k∑
d
vjdχ
θ
+d −
k∑
c
vjcE
θ
c)
)]
,
(6.47)
where d2x = dx1dx2 and ∂± = i∂2 ± ∂1. Performing the topological A-twist for the mirror
theory amounts to the following field redefinitions:
ϕ˜c = −i2σ˜c ξ˜c = σ˜c/4
λ˜c = λ˜+c λ˜c = λ˜−c
ψ˜+c =
2i√
2
λ˜+c ψ˜−c =
2i√
2
λ˜−c
χθc = χθc+ χ
θc = χθc−
X θc+ = 2χθc+ X θc− = 2χθc− , (6.48)
where λ˜c, λ˜c, χ
θc and χθc are scalars, while ψ˜±c = iψ˜2 ± ψ˜1 and X θc± = iX θc2 ± X θc1 are
one-forms. Hence, the mirror action of the open U(1)k-gauged A-model with toric target
72These equivariant A-branes are labelled by the GLSM parameters sπj and s
0
j , which determine the
position of their respective mirror D0-branes (see footnote 58).
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X = CN//U(1)N−k is
SE =
1
2π
∫
d2x
[ k∑
c
k∑
d
(gcd∂µθc∂
µθd − i
4
gcdχ
θ
c(
←→
∂+)X θ−d −
i
4
gcdX θ+c(
←→
∂−)χ
θ
d − gcdEθcEθd)
+
k∑
c
1
2e˜2c
(
(F˜12c)
2 + i2∂µϕ˜c∂
µξ˜c − (D˜c)2 −
√
2
4
ψ˜+c(
←→
∂−)λ˜c −
√
2
4
λ˜c(
←→
∂+)ψ˜−c
)
−1
2
( N∑
j
k∑
c
k∑
d
Q˜jcv
j
d(
i
2
ϕ˜cE
θ
d −
√
2
4
ψ˜+cX θ−d −
√
2
4
ψ˜−cX θ+d + (D˜c − F˜12c)θd)
+
k∑
c
(
N∑
j
Q˜jcsˆ
j − t˜c)(D˜c − F˜12c) +
N∑
j
e−
∑
c v
j
cθc−sˆj(−1
4
k∑
c
vjcX θ+c
k∑
d
vjdX θ−d −
k∑
c
vjcE
θ
c )
+
N∑
j
k∑
c
k∑
d
Q˜jcv
j
d(4ξ˜cE
θ
d − iλ˜cχθd − iλ˜cχθd + (D˜c + F˜12c)θd)
+
k∑
c
(
N∑
j
Q˜jcsˆ
j − t˜c)(D˜c + F˜12c) +
N∑
j
e−
∑
c v
j
cθc−sˆj(−
k∑
c
vjcχ
θ
c
k∑
d
vjdχ
θ
d −
k∑
c
vjcE
θ
c)
)]
,
(6.49)
which is invariant under the supersymmetry transformations
δQAA˜1c =
√
2
2
ǫψ˜1c δQAψ˜−c = −
1√
2
ǫ∂−ϕ˜c
δQAA˜2c =
√
2
2
ǫψ˜2c δQAψ˜+c = −
1√
2
ǫ∂+ϕ˜c
δQAϕ˜c = 0 δQA λ˜c = −iǫ(F˜12c + D˜c)
δQA ξ˜c = −
iǫ(λ˜c + λ˜c)
4
δQA λ˜c = iǫ(F˜12c + D˜c)
δQAD˜c = −
√
2
2
ǫ(∂1ψ˜2c − ∂2ψ˜1c) δQAX θc− = −2iǫ ∂−θc
δQAθ
c = 0 δQAX θc+ = 2iǫ ∂+θc
δQAθ
c
= ǫ(χθc − χθc) δQAχθc = ǫE
θc
δQAE
θc = iǫ∂µX θcµ δQAχθc = ǫE
θc
δQAE
θc
= 0 (6.50)
generated by the supercharge QA. However, this mirror theory is in fact a gauge theory,
and any consistent quantization procedure should include gauge fixing, in order to remove
unphysical degrees of freedom.
To this end, we shall choose the Lorentz gauge
〈ψ′|∂µA˜µc |ψ〉 = 0 (6.51)
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(where |ψ〉 and |ψ′〉) are physical states), and include the following BRST gauge fixing
action
SBRST =
1
2π
k∑
c
1
2e˜2c
∫
d2x(−iBc∂µA˜µc − (Bc)2 + ∂µb˜c∂µc˜c − i
√
2
2
∂µb˜cψ˜
µ
c ), (6.52)
where b˜c and c˜c are fermionic ghost fields, while Bc is a bosonic auxiliary field. As expected,
the first term explicitly breaks the U(1)k gauge symmetry of the gauged LG model.
Now, note that the gauge fixing action (6.52) can be rewritten as
SBRST = ǫ
−1(δQA + δBRST )
{ k∑
c
1
2e˜2c
∫
d2x(−i˜bc∂µA˜µc + b˜cBc)
}
, (6.53)
where we have performed integration by parts, and used the boundary condition (λ˜−c −
λ˜+c) = 0 (which is equivalent to ψ˜1c = 0) that we have previously imposed, as well as the
boundary condition
∂1c˜c = 0, (6.54)
which we impose at present. Here, δBRST is the standard BRST symmetry variation given
by
δBRST A˜µc = iǫ∂µc˜c
δBRST b˜c = ǫBc
δBRST c˜c = 0
δBRSTBc = 0,
(6.55)
with the BRST variations of all other fields being equal to zero. For the unphysical fields
used for gauge fixing, the supersymmetry transformations are δQA b˜c = 0 and δQABc = 0
while73
δQA c˜c = −
i
2
ǫϕ˜c. (6.56)
Now, δ2QA ∝ δG(ϕ˜) and δ2BRST = 0 on all fields.74 In addition, we can show that
(δQA + δBRST )
2 = 0 (6.57)
on all fields. This implies that the BRST gauge fixing action (6.53) is in fact invariant
under δˆ = δQA + δBRST . Since the physical action (6.49) is also invariant under δBRST ,
this further implies that the entire action SE +SBRST is invariant under δˆ = δQA + δBRST .
This suggests that the relevant symmetry of the action after gauge fixing is that which is
generated by QˆA = QA +QBRST .
The conjugate momentum for any field, denoted X, is defined as
πX =
∂LE
∂(∂2X)
, (6.58)
73Note that with respect to (6.56), the boundary condition (6.54) obeys A-type supersymmetry, since
the boundary condition on ϕ˜c is ∂1ϕ˜c = 0.
74The transformation δG(ϕ˜) is a U(1)
k gauge transformation whose local parameter is ϕ˜c.
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with the convention that derivatives are taken from the right for fermionic fields. The
canonical conjugate momenta are75
πθc =
1
2π
gcd∂2θ
d
πθc =
1
2π
gcd∂2θ
d
πχθc =
1
4π
gcdX θd+
πX θc−
=
1
4π
gcdχ
θd
πϕ˜c =
1
2π
1
2e˜2c
i2∂2ξ˜c
π
ξ˜c
=
1
2π
1
2e˜2c
i2∂2ϕ˜c
π
λ˜c
=
1
2π
1
2e˜2c
√
2
2i
ψ˜+c
π
ψ˜−c
=
1
2π
1
2e˜2c
√
2
2i
λ˜c
πA˜1c = −
1
2π
( 1
e˜2c
F˜12c + iIm
( N∑
j
Q˜jc
(
〈vj , θ〉+ sˆj
)
− t˜c
))
π
A˜2c
=
1
2π
1
2e˜2c
(−iBc)
π
b˜c
=
1
2π
1
2e˜2c
(
∂2c˜c −
√
2
4
(ψ˜+c + ψ˜−c)
)
πc˜c =
1
2π
1
2e˜2c
(
∂2b˜c
)
.
(6.59)
The equal-time canonical commutation relations are
[Xi(x
1), πXj (y
1)] = δijδ(x
1 − y1)
[Xi(x
1),Xj(y
1)] = 0
[πXi(x
1), πXj (y
1)] = 0
(6.60)
for Xi = {θc, θc, ϕ˜c, ξ˜c, A˜1c, A˜2c}, and the equal-time canonical anticommutation relations
are
{Xi(x1), πXj (y1)} = δijδ(x1 − y1)
{Xi(x1),Xj(y1)} = 0
{πXi(x1), πXj (y1)} = 0
(6.61)
forXi = {χθc,X θc− , λ˜c, ψ˜−c, b˜c, c˜c}. In addition, all commutators between a bosonic operator
and a fermionic operator vanish, and the commutation relations obeyed by Eθc and D˜c are
75Note that in order to derive a consistent set of anticommutation relations, we convert the fermionic
kinetic terms with ∂2 derivatives to a form identical to that found in closed theories via integration by
parts, e.g. − i
4
gcdχ
θ
ci(
←→
∂2 )X
θ
−d → −
i
2
gcdχ
θ
c(i∂2)X
θ
−d. The symmetric form of the kinetic terms are in fact
not necessary because a Lagrangian on a Euclidean worldsheet is not real.
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specified by their equations of motion, which hold as operator equations due to Ehrenfest’s
theorem. Then, the non-vanishing canonical commutation and anticommutation relations
are
[θc(x1), gde∂2θ
e
(y1)] = 2πδcdδ(x
1 − y1)
[θ
c
(x1), gde∂2θ
e(y1)] = 2πδcdδ(x
1 − y1)
{χθc(x1),X θd+ (y1)} = 4πgcdδ(x1 − y1)
{X θc− (x1), χθd(y1)} = 4πgcdδ(x1 − y1)
[ϕ˜c(x
1),
1
2e˜2d
i2∂2ξ˜d(y
1)] = 2πδcdδ(x
1 − y1)
[ξ˜c(x
1),
1
2e˜2d
i2∂2ϕ˜d(y
1)] = 2πδcdδ(x
1 − y1)
{λ˜c(x1), 1
2e˜2d
√
2
2i
ψ˜+d(y
1)} = 2πδcdδ(x1 − y1)
{ψ˜−c(x1), 1
2e˜2d
√
2
2i
λ˜d(y
1)} = 2πδcdδ(x1 − y1)
[A˜1c(x
1),−
( 1
e˜2c
F˜12c(y
1)
)
] = 2πδcdδ(x
1 − y1)
[A˜2c(x
1),
1
2e˜2d
(−iBd(y1))] = 2πδcdδ(x1 − y1)
{b˜c(x1), 1
2e˜2d
(
∂2c˜d(y
1)
)} = 2πδcdδ(x1 − y1)
{c˜c(x1), 1
2e˜2d
(
∂2b˜d(y
1)
)} = 2πδcdδ(x1 − y1). (6.62)
The integral form of the supercharge QˆA is
QˆA =
∫
dx1(Jˆ2A), (6.63)
where JˆµA is the supercurrent defined via
δSE =
∫
d2x∂µǫJˆ
µ
A. (6.64)
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Its explicit form is76
QˆA =
1
2π
∫
dx1
(
gcd∂2θ
c(χθd − χθd)− igcd∂1θc(χθd + χθd)−
k∑
c
√
2
4e˜2c
F˜12c(ψ˜+c − ψ˜−c)
−
k∑
c
i
e˜2c
F˜12c∂1c˜c +
k∑
c
1
4e˜2c
(λ˜c + λ˜c)∂2ϕ˜c +
k∑
c
i
4e˜2c
(λ˜c − λ˜c)∂1ϕ˜c
+
1
4
k∑
c
(X θc+ + X θc− )
∂W˜
∂θc
+
k∑
c
√
2
4
(ψ˜+c − ψ˜−c)1
2
(2
i
∂W˜
∂ϕ˜c
+
1
4
∂W˜
∂ξ˜c
)
+
k∑
c
∂1c˜c
1
2i
(2
i
∂W˜
∂ϕ˜c
− 1
4
∂W˜
∂ξ˜c
)
−
k∑
c
1
2e˜2c
√
2
4
Bc(ψ˜+c + ψ˜−c) +
k∑
c
1
2e˜2c
Bc∂2c˜c +
k∑
c
i
4e˜2c
∂2b˜cϕ˜c
)
,
(6.65)
where
∂W˜
∂θc
=
i
2
N∑
j
〈ϕ˜, Q˜j〉vjc −
N∑
j=1
vjce
−〈vj ,θ〉−sˆj ,
2
i
∂W˜
∂ϕ˜c
=
N∑
j
Q˜jc
(
〈vj , θ〉+ sˆj
)
− t˜c,
1
4
∂W˜
∂ξ˜c
=
N∑
j
Q˜jc
(
〈vj , θ〉+ sˆj
)
− t˜c.
(6.66)
Then,
Qˆ2A =
1
2
{QˆA, QˆA} = 1
2π
∫
dx1
(
(−i)
k∑
c
∂1θ
c∂W˜
∂θc
+ (−i)
k∑
c
∂1ϕ˜c
∂W˜
∂ϕ˜c
−
k∑
c
( i
4e˜2c
)
∂2ϕ˜cBc
−
k∑
c
k∑
d
∂2W˜
∂θ
d
∂ξ˜c
(χθd − χθd)( i
8
)(
√
2
4i
(ψ˜+c − ψ˜−c) + ∂1c˜c)
)
(6.67)
where we have used the boundary conditions F˜12c = 0 and
∑k
c=1 vcjΘc = sj − sˆj (where
sj = s
π
j at x
1 = π and sj = s
0
j at x
1 = 0), as well as the constraint
∑N
j Q˜jcsj − t˜c = 0.
The terms with first-order derivatives of the superpotential can be written as
(−i)
2π
∫
dx1
( k∑
c
∂1θ
c∂W˜
∂θc
+
k∑
c
∂1ϕ˜c
∂W˜
∂ϕ˜c
)
=
(−i)
2π
∫
dx1∂1W˜ (θ, ϕ˜)
=
(−i)
2π
(W˜ (θ, ϕ˜)π − W˜ (θ, ϕ˜)0).
(6.68)
76Charge conservation follows from ∂2QˆA =
∫
dx1∂2Jˆ
2
A = −
∫
dx1∂1Jˆ
1
A, which can be shown to be zero
using the boundary conditions we have previously imposed, as well as the boundary condition ∂1b˜c = 0,
which we impose at present.
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From the analysis below (5.93), we know that this is equal to (−i)2π (
∑N
i=1 e
−sπi −∑Ni=1 e−s0i ).
The remaining terms to consider are then
1
2π
∫
dx1
(
−
k∑
c
( i
4e˜2c
)
∂2ϕ˜cBc −
k∑
c
k∑
d
∂2W˜
∂θ
d
∂ξ˜c
(χθd − χθd)( i
8
)(
√
2
4i
(ψ˜+c − ψ˜−c) + ∂1c˜c)
)
.
(6.69)
Unlike (6.68), these cannot be written in terms of boundary data, and hence are bulk
terms which occur even for closed worldsheets. However, as in the non-anomalous closed
case, these bulk terms ought to be equal to zero. The vanishing of these terms can also be
understood as follows. The auxiliary field Bc obeys its equation of motion Bc = − i2∂µA˜µc
as an operator equation due to Ehrenfest’s theorem, and hence the matrix elements of
the first term in the integrand with respect to the physical Hilbert space vanish due to
the Lorentz gauge condition (6.51).77 Next, note that we are dealing with an A-twisted
theory, whose topological correlation functions are invariant under QˆA-exact deformations
of the action. Therefore, we should be able to deform the action such that the second
term in (6.69) vanishes. Indeed, this can be achieved by adding the following term which
is QˆA-exact to the action, i.e.,
ǫ−1δQˆA
[
1
2π
∫
d2x
1
2
(
k∑
c
iλ˜c
( N∑
j
Q˜jc(
∑
d
vjdθ
d
+ sˆ
j
)− t˜c
)
+
k∑
c
4ξ˜c
( N∑
j
k∑
d
Q˜jcv
j
dχd
))]
=
1
2π
∫
d2x
1
2
(
N∑
j
k∑
c
k∑
d
Q˜jcv
j
d(4ξ˜cE
θ
d − iλ˜cχθd − iλ˜cχθd + (D˜c + F˜12c)θd)
+
k∑
c
(
N∑
j
Q˜jcsˆ
j − t˜c)(D˜c + F˜12c)
)
,
(6.70)
which upon doing so, the terms proportional to ∂W˜ (θ, ξ˜)/∂ξ˜c in (6.65) vanish, whence the
second term in (6.69) also vanishes.
Hence, we find that
Qˆ2A =
(−i)
2π
(W˜ (θ, ϕ˜)π − W˜ (θ, ϕ˜)0), (6.71)
i.e., the Qˆ2A 6= 0 anomaly (which occurs due to the nonpertubative quantum effects of
open symplectic vortices in the open gauged A-model) vanishes when the value of the
superpotential W˜ (θ, ϕ˜) is equal on both boundaries, i.e.,
∑N
i=1 e
−sπi =
∑N
i=1 e
−s0i . In
other words, there is no anomaly when each boundary ends on a D0-brane such that
both D0-branes are mapped to the same value of W˜ (θ, ϕ˜). One way this can occur is
when the boundaries end on coincident D0-branes. Although the condition
∑N
i=1 e
−sπi =∑N
i=1 e
−s0i seems identical to the condition (found by Hori [7, 27]) for the vanishing of
77This statement follows from the fact that the Lorentz gauge condition can equivalently be written as
∂µ(A˜
µ
c )
+|ψ〉 = 0 or 〈ψ|∂µ(A˜
µ
c )
− = 0 (where A˜µc = (A˜
µ
c )
+ + (A˜µc )
− is the decomposition with respect to
positive and negative momenta), as well as the fact that ∂µA˜
µ
c commutes with ∂2ϕ˜c.
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the Q2A 6= 0 anomaly of the open A-model, this is in fact not true, as the D0-branes do
not have to be located at a critical point where ∂θcW˜X = 0 in our case (where W˜X is
the superpotential in the non-gauged case, which only depends on θ in the bulk), and
the position of each D0-brane (defined by si via (5.92)) is in our case constrained by∑N
i Qiasi − ta = 0 instead of just
∑N
i Qˆ
i
bsi − tˆb = 0. In conclusion, for abelian G, we
have found that for a pair of G-invariant Lagrangian tori of a toric manifold supporting
flat G-equivariant U(1) bundles, the quantum anomaly of Qˆ2A 6= 0 (which indicates an
obstruction to integration over the moduli spaces of open symplectic vortices) vanishes if
and only if the values of the superpotential W˜ (θ, ϕ˜) on the mirror B-branes are the same,
and in this case, supersymmetry is manifest.
6.5 Mirror Computation of Abelian Invariants
In principle, it is simpler to use the mirror gauged Landau-Ginzburg description of the
open gauged A-model to compute open Hamiltonian Gromov-Witten invariants for abelian
gauge groups and toric target spaces with c1(X) ≥ 0, since there are no open symplectic
vortices in this gauged LG model.
We shall focus on the mirror computation of invariants that come from path integrals
over the QA-invariant local observables associated with equivariant cohomology classes, i.e.,
those given by (6.14) (where dGα = 0) and (6.25) (where dGζ = 0).
78 After integrating out
the auxiliary fields, the supersymmetry transformations (generated by QˆA) of the physical
fields of the mirror theory on a Euclidean worldsheet parametrized by complex coordinates
(z, z) are (with ǫ =
√
2)79
δQˆAA˜zc = ψ˜zc + i
√
2∂z c˜c δQˆA ψ˜zc = − ∂zϕ˜c
δQˆAA˜z¯c = ψ˜z¯c + i
√
2∂z¯ c˜c δQˆA ψ˜z¯c = − ∂z¯ϕ˜c
δQˆAϕ˜c = 0 δQˆA η˜c = 0
δQˆA ξ˜c = η˜c δQˆA κ˜c = 2[∗F˜Ac − e˜
2
c(−i∂ϕ˜cW˜ + (1/8)∂ξ˜cW˜ )]
δQˆAθ
c = 0 δQˆAX
θc
z = −2
√
2i ∂zθ
c
δQˆAθ
c
=
√
2(χθc − χθc) δQˆAX
θc
z¯ = 2
√
2i ∂z¯θ
c
δQˆA(χ
θc − χθc) = 0 δQˆA [ gcd(χ
θd + χθd)] = −
√
2 ∂θcW˜ . (6.72)
The bulk physical operators of this theory were studied by Baptista [12], where he showed
that the bulk chiral ring is given by
C[ϕ˜1, . . . , ϕ˜k, (x1)±1, . . . , (xk)±1] / D(W˜ ) , (6.73)
78Note that the G-invariance of these physical observables implies that they are invariant under QBRST ,
and therefore also invariant under QˆA.
79The fermionic fields η˜c and κ˜c are related to the fields λ˜c and λ˜c defined in the previous section via a
field redefinition of the form given in (6.32).
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i.e., holomorphic functions of ϕ˜c and (x
c)±1 := exp (∓θc), modulo the ideal D(W˜ ), where
D(W˜ ) is generated by the derivatives
∂θcW˜ = −xc ∂xcW˜ =
n∑
j=1
Q˜cj
[ i
2
〈ϕ˜, vj〉 − e−sˆj
k∏
d=1
(xd)v
j
d
]
. (6.74)
In addition, one ought to restrict the bulk physical operators to finite-degree polynomi-
als, since in the equivariant de Rham complex one only considers finite-degree forms and
polynomials in the Lie algebra.
Let us now find the elements of the boundary chiral ring, concentrating first on bound-
ary physical operators which come from the matter multiplets. Now, at each boundary, we
know that θc and θ
c
are constants which determine the position of the mirror D0-brane (see
(5.92) and footnote 58). Then, via (6.72), we find that (χθc − χθc) = 0 on each boundary,
and thus χθc − χθc cannot be an operator in the boundary chiral ring. Even θc and θc
cannot be elements of the ring since they are not fields along each boundary; rather, they
are constants. On the other hand, χθc + χθc is a nonzero field at each boundary. For the
mirror of the non-gauged open A-model, due to the critical point condition ∂θcW˜X = 0 at
the boundaries, the k fermionic fields χθc + χθc are QA-invariant at each boundary and in
fact form the boundary chiral ring [11]. However, recall from Section 5.4 that we do not
have such a critical point condition, implying that χθc + χθc is not QˆA-invariant at the
boundaries, and therefore is not an element of the boundary chiral ring for the mirror of
the open gauged A-model.
Since there are no QˆA-invariant boundary operators which can be obtained from the
matter fields, let us now turn to the vector multiplet fields. From the boundary condition
(λ˜−c− λ˜+c) = 0, we know that κ˜c = 0 at each boundary, so it cannot be such an operator.
The operator η˜c is nonzero at each boundary, and is QˆA-invariant, but it was not included in
(6.25) for abelian G since its anticommuting behaviour implies that it cannot be associated
with equivariant cohomology classes, and hence it should not be included as a mirror
boundary observable. On the other hand, ϕ˜c is QˆA-invariant, and obeys a Neumann
boundary condition, and as such is a valid bosonic boundary operator. Thus, the boundary
chiral ring at a particular boundary component ∂ΣL is given by
C[ϕ˜1, . . . , ϕ˜k] /(D(W˜ )|∂ΣL) . (6.75)
Here, we have taken into account the fact that ∂θcW˜ is a QˆA-exact function of ϕ˜c at the
boundaries. Moreover, we ought to restrict the boundary physical operators to finite-degree
polynomials, as we did for the bulk physical operators.
Denoting an arbitrary element of the bulk chiral ring (6.73) as Wmirror, and an ar-
bitrary element of a boundary chiral ring (6.75) as Wmirror∂ΣL , the most general correlation
function of local bulk and boundary observables in the gauged Landau-Ginzburg model is
therefore written (for Σ = I × R) as∫
D(A˜, θ, ϕ˜, ξ˜, η˜, κ˜, ψ˜, χθ, b˜, c˜) e−(SA+SBRST )
∏
i
Wmirrori
∏
j
Wmirror∂Σ0|j
∏
k
Wmirror∂Σπ|k .
(6.76)
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This is the mirror correlation function which computes (6.27) for local observables.
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